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Abstract
Remote sensing satellites are often built with payloads that do not include hue of sight 
steering mechanisms, such that pointing their payloads requires rotation of the whole satellite. In 
cases, when frequent line of sight retargeting is required, there is a need for efficient actuators and 
control schemes that would support rapid attitude maneuvering together with adequate pointing 
accuracy and stability between the maneuvers. These control schemes shall accommodate a variety 
of realistic conditions, such as general three dimensional maneuver direction, existence of initial 
and/or final angular rates, non zero net angular momentum and various actuators constraints.
Within this frame, this research develops the Backwards Planning approach as one of the possible 
control methods for rapid maneuvering. The method is based on state feedback and combines time 
efficiency together with straight forward computation flow. Novel efficient methods to execute the 
Backwards Planning Control in the 3D attitude space are proposed here. The methods refer both 
for the first saturated control phase of the maneuver and for the last braking phase.
The actuators used for the spacecraft control in this research are either Reaction Wheels (RWs) or 
Single Gimbal Control Moment Gyros (SGCMGs) or both of them together. The advantage of the 
SGCMG is in rapid rotational maneuvering, but their application for high quality pointing requires 
very accurate gimbal mechanisms. On the other hand, RWs are usually more suitable for accurate 
pointing, but their torque to power performance is inferior in maneuvering. It is shown that the 
coordination of SGCMGs and RWs together enables to draw more performance from the 
SGCMGs in terms of agility and meet the pointing requirements between maneuvers where only 
the RWs are used.
Novel SGCMG steering laws are suggested as well. While the steering laws determine the required 
angular rate for each gimbal, most steering laws are defined in the angular momentum domain and 
output the gimbals angular rates to produce a given required torque or angular momentum 
increment. This research however, practices a novel steering law in the gimbal angles domain. 
While both steering laws turn to be dynamically equivalent for small control signals, as in the 
steady state, it is shown that the steering in the gimbal angles domain is more effective in 
maneuvering with the Backwards Planning control logic.
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List of Acronyms
ace  Adapting Control Envelope
BEO Biased Envelope Operator
BE (satellite) Body Frame
CMC Control Moment Gyro
IF Inertial Frame
LOS Line Of Sight
RW Reaction Wheel
S/C Spacecraft
SGCMG Single Gimbal Control Moment Gyro
TF Target Frame
VSCMG Variable Speed Control Moment Gyro
Nomenclature
Frames of reference
BF (B) The Body Frame is an orthogonal right handed frame that is fixed to the satellite.. In subscripts/superscripts 
appears as 'B '.
IF (I) The Inertial Frame is any orthogonal right handed frame that is not rotating and not accelerating. In 
subscripts/superscripts appears a s ' I ' .
TF (T) The Target Frame is an orthogonal right handed frame that the controller task is to cause BF to coincide 
with it. In subscripts/superscripts: 'T'. TF is defined to rotate at constant angular rate relative to IF.
Symbols
^B order  Border value [rad] between the linear and the nonlinear control zones (used in the single axis case)
Ffj Ratio between the "safe" to maximum available angular momentum, 0 < < 1
Fj Positive factor to compute the time advance for switching from CMG control to RW control.
F^ Ratio between the "safe" deceleration to maximum deceleration,
f  (0 ) Braking Curve of angular rate as function of attitude
"Safe" deceleration reduction amount for a unit angular rate increment.
. Angular momentum of the i ^  Reaction Wheel [N m s]
hw A column array that consists of the actual angular momentums of each individual RW
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hu A column array that consists of the required angular momentums of each individual RW
h^_Y Angular momentum magnitude of the X-Y SGCMG pair [N m s]
^ x-y(x ) Angular momentum of the X-Y pair along the X axis by the basic allocation
^ x-y{xim ) Modified angular momentum of the X-Y SGCMG pair along the X axis
^x-z  Angular momentum magnitude of the X-Z SGCMG pair [N m s]
^x-z(x) Angular momentum of the X-Z pair along the X axis by the basic allocation
hx-z{x /m) Modified angular momentum of the X-Z SGCMG pair along the X axis
SGCMG rotor angular momentum along its rotation axis in N  -m -S .
Hg Combined satellite angular momentum [N-m-s] together with RWs and SGCMGs rotors about center of
mass, as termed in the BF
^Max (ll) Maximum control angular momentum that can be achieved with the SGCMG system in the direction of U 
Hcmg Combined angular momentum vector [N-m-s] of the SGCMG system, as termed in the BF 
H  (o) Required minimum angular momentum of both pairs along the X and -X axis
I  g Satelhte 3x3 matrix of inertia with all RW braked. Units: Kg -
J  Satellite 3x3 inertia matrix when all RW are free to rotate around their axes. Units: Kg -
JyYi Moment of inertia of the i * Reaction Wheel about its spin axis [Kg m^ ]
M  The number of planes that are defined by two or more RWs axes
Agjp The number of RWs mounted on the satellite
N The number of SGCMGs mounted on the satelhte
PI Quadratic cost function by which to distribute the control between the RWs
P„ Infinity norm cost function by which to distribute the control between the RWs
q Column array, containing the three directional elements of the TF to BF quaternion multiplied by the sign
of the fourth non directional element
Matrix with each column defines two opposite surfaces of the angular acceleration 
envelope
t Time in seconds
Fg The control sampling period in seconds
TAdvance ^hc 'advancc' time to switch to linear control before the anticipated intersection with the state space origin
U  Angular momentum vector [ A  • m • 5 ] of the SGCMG system, as demanded by the control logic in BF
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The ratio between allocated torque and limit torque for all the out of plane group, such that the torque 
control signal to each i"* member is given by: T .^ = T g - m , ; ^ V . )
^orb Orbit vector of satellite, including its inertial position and velocity.
'^ CMG(i) Unit vector in the direction of the i* SGCMG angular momentum when it is in zero gimbal angle.
^CMG{i) Unit vector in the direction of the i*^  SGCMG angular momentum when it is in 90° gimbal angle,
a  Angular acceleration 3D vector expressed in the body frame in .
«C The controlled part of the angular acceleration (that depends on the control outputs) in r a d j .
a g  The 'disturbance' part of the angular acceleration (that depends on the system state alone) in ra d j . 
a  Max (u) The maximum control angular acceleration that can be applied in the direction of U
« Safe (u) The maximum safe control angular acceleration that can be applied in the direction of U, while reserving 
some margin to counteract varying disturbances.
Zx-y Angular momentum direction of the X-Y SGCMG pair, measured from the Y
axis towards +X [rad]
Yx-z Angular momentum direction of the X-Y SGCMG pair, measured from the Z
axis towards +X [rad] 
ô^  Angular position of the i th SGCMG gimbal
ÔMax Rate limit for each of the SGCMG gimbals [rad/s].
S^afe Safe rate limit for each of the SGCMG gimbals [rad/s] for the Braking Curve formulation. = ^a^Max 
ôjj Vector of reference angular commands for the gimbals [rad] 
ôç. Vector of angular commands for the gimbals servo control [rad]
^ h{x ) Required angular momentum [N-m-s] increment of both pairs along the ±X axis
A (^max) Achievable angular momentum [N-m-s] increment of both pairs along the ±X axis
o (^ , ) The scalar Eigenaxis Braking Curve core function, such that: f  (O) = — )
V ,. A unit vector in the direction the i ^ RW rotation axis, as termed in the Body Frame
V, A unit vector in the direction of the i * SGCMG rotor axis, as termed in the Body Frame
Unit vector normal to plane that is defined by two or more RWs axes, termed in the Body Frame.
0 Satellite BF rotational state relative to TF expressed as Euler vector. The Euler vector direction is the
Eigenaxis and its magnitude is the Euler angle..
0  Magnitude of the above defined 0 , which is the Euler angle.
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Torque control signals [N-m] for the i * RW rotation axis that is assumed to be equal to the actual torque 
A column array of the torque control signals [N-m] for the RWs around their rotation axes 
^UpperLimitihwi ) The Upper torque limit (in A  • m ) of RW as a function of its angular momentum.
TLowerLimit ) The lower torque limit (in A  • 771 ) of RW as a function of its angular momentum.
The symmetric torque limit (in A - 777) of each RW that is given by [^ upperLimit i ~  '^ LowerLimit i j j ^ -  
Tg_. The average limit (in A - 777) of each RW that is given by [^upperLimitiLowerLimit i)/'^  ■
TS i The difference between and the average limit (in A  - 777 ) of each RW that is given by - — Tg .
The total external torque acting on the satelhte as termed in the BF in ^  ,
to" * Angular rate 3D vector of "a" frame relative to "b" frame, as termed in "c" frame in rad /s  .
CO Angular rate of BF relative to TF, as termed in the BF in rad j S . CO =  CO .
CO^  Reference CO, as output from the Braking Curve function
COyy. The angular rate of the RW number i relative to BF in the direction of its rotation axis in radjS  .
Natural frequency of a second order system in radjS  that serve also as a scalar control gain 
^  Un-dimensional damping coefficient of a second order system
CO Max The maximum angular rate that can be achieved in a given direction
CO The maximum safe angular rate that can be achieved in a given direction, reserving some margin for model
uncertainties
Operators
||u||^ Angular acceleration norm of a general 3D vector as defined later in this paper.
[u ,b ,F l^  Biased angular acceleration Envelope Operator (BEO) of vector U , bias b , and safety factor F  , such 
that U + b = F  as defined later in this thesis.
[|u||^ Angular momentum norm of vector U, which is the ratio between its magnitude and the maximum
achievable angular momentum along its direction.
[u ,b , F~|^ Biased angular momentum Envelope Operator (BEO) of vector U, bias b , and safety factor F  , such 
that ||u + b[j^ = F  , as defined later in this thesis.
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Chapter 1
Introduction
1.1 Overview
This research is about advanced non linear state feedback design methods for rapid attitude 
maneuvering of rigid satellites that are based on the Backwards Planning approach. This 
approach focuses on the last stage of a maneuver, where the satellite usually decelerates in 
angular rate to reach the target attitude at stand still. Performing accurate deceleration (termed 
also as braking) that starts at the right point, and makes optimal use of the actuators capability, is 
a key factor for the rapid maneuver performanee. For example, if the satellite starts braking later 
than required it would overshoot, which would cost in time. The research refers to cases where 
the control actuators resources, such as torque, angular momentum or power consumption are 
limited for the given system time responsiveness, and when applying a linear controller that suits 
the system reaction time capability, the actuators may get deeply saturated, which results with 
very poor performance. The controller in the eases that are dealt with here have to account in an 
efficient way for the system various limits for generation of robust, time effieient and smooth 
maneuvers. The main practical motive behind this research is to find ways for better exploitation 
of the control resources with relatively low real time eomputational effort.
The control actuators in this research are either Reaction Wheels (RWs) or Single Gimbal 
Control Moment Gyros (SGCMGs) or both of them together. The advantage of the SGCMG is in 
rapid rotational maneuvering, but their application for high quality pointing requires a very 
accurate gimbal meehanisms. On the other hand, the RWs are usually more suitable for aecurate 
pointing, but their torque to power performance is inferior in maneuvering. It is shown that wise 
orchestration of SGCMGs and RWs together enables to draw more performanee from the
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SGCMGs in terms of agility and achieve quality pointing between maneuvers with the RWs 
alone.
The suggested design approaeh generally begins with study of the control allocation and the 
modeling of the 3 Dimensional (3D) control capability. The non linear state feedback steering 
laws in this research, are based on Backwards Planning method that focuses on the braking stage 
of the maneuver. The braking stage is regarded as the most sensitive part of the maneuver, 
because it has to bring both angular rate and angular position simultaneously to zero by effieient 
exploitation of the actuators. Failing to synchronize between the angular rate and angular position 
would result in overshoot or undershoot which would reduce the system time efficiency. The 
Backwards Planning steering law is based on cyclic calculation of a reference angular rate as a 
function of the attitude. This function, that is referred here as the Braking Curve, is based on a 
conservative assessment of the satellite deceleration eapability along its current Eigenaxis. The 
above mentioned 3D control capability modeling takes part in the Braking Curve generation.
The proposed control algorithms are designed to produce a rapid response together with a smooth 
actuation profile, and to accommodate a variety of realistic conditions such as general three 
dimensional maneuver direetion, existence of initial and/or final angular rates, non zero net 
angular momentum, various actuators geometrical alignments and limits, and system time 
response limits. A tuning capability to trade between performance and robustness is suggested 
and studied. The research is backed by detailed simulation for synthetic attitude maneuvers that 
do not refer to any specific remote sensing mission. Analytical stability assessments are given as 
well.
1.2 Problem Statement
The case of single dimension minimum time rotation with angular aceeleration and angular rate 
limited system is well explored. The single axis case lays the basis for the 3D Eigenaxis 
maneuver control, and the research thus begins with it.
When expanding the problem to 3 dimensions and considering both types of aetuators, the system 
gets much more complicated. Some of the main problems that arise are:
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- The 3D rotational kinematics equation includes non linear coupling between the axes.
- The control limit surfaces are not necessarily parallel to the principal planes.
- The existence of bias angular momentum eauses eeeentrie paths of the actuators angular 
momentum.
- Gyroscopic effect usually exists when more than one axis is involved.
The SGCMGs 3D steering may encounter singularities.
This research will suggest an appropriate answer to each of the above points in a novel way that
would result with an efficient controller that satisfies the requirements.
1. When rotating along the Eigenaxis the kinematics gets simpler.
2. Using proper modeling of the general eontrol envelope would enables to achieve compact 
relations for the Eigenaxis Braking Curve.
3. The angular momentum bias is accommodated either by letting some margins in the control 
authority or by using the hybrid eonfiguration where the RWs earry the angular momentum 
bias while the SGCMGs are used for maneuvering the satellite.
4. The gyroscopic torque is ealculated by the control that produces a counteracting torque.
5. The singularity phenomenon in SGCMGs steering is handled by applying steering laws in the 
gimbal angles domain or by using RWs together with SGCMGs.
1.3 Aims
The aims of this researeh are:
- Develop time efficient non linear state feedback control logic with RWs.
- Develop time efficient non linear state feedback control logic with SGCMG.
- Develop time efficient combined configuration control to use the best features of RWs and 
SGCMGs.
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1.4 Objectives
The objectives set to achieve the above aims are as follows:
- Model the 3D control resources envelope with any number of RW that are generally aligned, 
and are subject to torque, angular momentum and power consumption limits.
- Develop an advaneed cascaded steering law with RW that aeeounts for the dependence of the 
control capability on the angular rate.
- Model the 3D control resources envelope of four SGCMG in "2-SPEED" configuration, 
whose axes are aligned along two normal lines -  two SGCMG per line, and are subject to 
angular deflection rate limit.
- Develop a basie caseaded control logic with SGCMG with zero angular momentum bias that 
is based on angular momentum control, where the reference angular rate is translated into 
angular momentum of SGCMG and then to deflection angles.
- Generalize the SGCMG control logic for non zero angular momentum bias.
- Develop combined controller with RW for aceurate tracking together with disturbance 
compensation, and SGCMG as maneuver aecelerators.
1.5 Research Novelties
This research presents novel solutions for the Backwards Planning control logic with RWs, SGCMGs 
and both of them together (Hybrid eonfiguration). All solutions are based on reaching and tracking an 
Eigenaxis Braking Curve.
1.5.1 Novelties in RW Control
The design approach with reaction wheels offers a high degree of versatility to accommodate for many 
possible factors such as general alignments of any number of reaction wheels that is bigger or equal to 
three, 'track' to 'track' maneuver rather than rest to rest, existence of angular momentum bias, and RW 
torque speed and power limits. The main novel elements of this research with respect to RW control are:
(1) Most existing solutions use a parabolic Braking Curve that is based on uniform deceleration 
capability along the braking. This research however suggests a more general approach that accounts for
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varying control authority and results with a new Braking Curve form. It is known from the dynamics 
that the control authority in generating deceleration goes smaller with increasing angular rate, which is 
caused by the gyroscopic coupling in the rigid body dynamics. This research shows that a Braking 
Curve that is based on angular rate dependent deceleration has an advantage over the conventional 
parabola and results with better performance and robustness.
(2) Development of new algorithms to handle RW torque saturation. The new saturation management 
algorithm functions in the system level rather than in the RW level and allows to separate between 
different components of the 3D command torque. The disturbance compensation for example is kept 
unchanged in the saturation case in order to keep the stability conditions valid. The saturation 
management can handle non symmetric RW torque limits that may change with the RW angular rate as 
in cases of power consumption limit and angular rate limit.
(3) Solve the Braking Curve tracking control with theoretically zero error, by compensating for the time 
derivative of the angular rate demand.
1.5.2 Novelties in SGCMG Control
(1) The Braking Curve tracking approach as developed for RW control is extended to 4 SGCMGs that 
are arranged in two scissor pairs configuration. The Braking Curve shape for this configuration is 
analytically developed and appears to have a circular arc shape rather than the commonly used parabola.
(2) This research applies SGCMGs steering laws in the gimbal angles domain rather than in the angular 
momentum domain. SGCMGs steering laws determine the required angular rate for each gimbal. Most 
steering laws are defined in the angular momentum domain and output the gimbals angular rates to 
produce a given required torque or angular momentum increment. An alternative steering law in the 
gimbal angles domain is demonstrated in this research. In this method (see Fig. 5-3) the angular rate 
requirement in the cascaded control logic is translated to angular momentum requirement (rather than 
torque requirement) from the SGCMG system. A predefined mathematical function (or possibly a 
tabulated function) is used to convert this angular momentum to gimbal angles. The gimbals angular 
rates are then calculated in proportion to the error between the wanted angles and the actually measured 
ones.
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It is shown that both steering laws turn to be equivalent in small control signals (as in the steady state), 
but when the required angular momentum change is big, as in the acceleration phase of a maneuver, the 
steering in the gimbal angles domain has an advantage in driving the SGCMG system straightly (as 
viewed in the gimbal angles domain) and rapidly to the required position without having to consider 
singularities.
1.5.3 Hybrid Actuators Configuration
Although hybrid configuration control that combines SGCMGs together with RWs is analyzed in 
existing literature such as [39], the application of the SGCMGs as maneuver accelerators as done in this 
research, has not been explored yet. This combination offers some real technical advantages together 
with the drawback of complexity. It is shown for example, that the SGCMGs are free to perform their 
time optimal straight path from maximum momentum to zero, which creates the optimal Eigenaxis 
braking, when the RWs compensate for the variable unexpected system angular momentum bias. As 
demonstrated in simulations, this improves the efficiency in using the SGCMGs torque for braking.
1.6 Publications
The publications by D. Verbin & V. J. Lappas that have arisen from this research are the following: 
Table 1-1: Publications list
No Type Date Status Title Referenee
1 Conference
paper
2010 Published Spacecraft Maneuver 
Control with Power 
Limited Reaction Wheels
AIAA Guidance, Navigation, 
and Control Conference, 
Toronto Canada 2010, AIAA 
Paper 2010-8303
2 Journal full 
paper
2011 Published
(*)
Time efficient angular 
steering laws for rigid 
satellite
AIAA Journal of Guidance 
Control and Dynamics, Vol. 
34, No. 3, May-June 2011
3 Journal full 
paper
2 0 1 2 Accepted
for
publication
Rapid Rotational 
Maneuvering o f Rigid 
Satellites with Hybrid 
Actuators Configuration
AIAA Journal of Guidance 
Control and Dynamics. (Not 
published yet)
4 Journal
Engineering
Note
2 nd
revision
eycle
Rapid Rotational 
Maneuvering of Rigid 
Satellites with Reaction 
Wheels
AIAA Journal of Guidance 
Control and Dynamies. (Not 
published yet)
(*) Prof. J. Z. Ben-Asher is a third author of this paper
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1.7 Thesis Outline
Apart from the introduction, this thesis is built of 5 chapters:
Next chapter (Chapter 2) will present the basic tools to address the rigid body rotational maneuver 
problem. The single axis rotation is reviewed for first insight. Then mission aspects are used to derive 
the maneuver requirements. The chapter concludes with presenting the dominant equations for 3 
dimensional rigid satellite rotations that is done with momentum exchange devices, such as RWs and 
SGCMGs.
Chapter 3 is devoted for literature review on attitude control methods for spacecraft maneuvering, with 
focus on rapid large angle rotations.
Chapter 4 practically introduces the backwards planning approach for attitude maneuvering, and 
exercises this approach on satellites that are controlled by reaction wheels. Simulation results will be 
used to demonstrate the method effectiveness.
Chapter 5 exercises the backwards planning approach on satellites that are controlled by Single Gimbal 
Control Moment Gyros. The exercise includes two situations: (1) The ideal case where the satelhte total 
angular momentum is zero and the SGCMG system angular momentum path during the maneuver can 
be anticipated ; (2) The non-ideal case where an unplanned angular momentum bias exist and the 
SGCMGs momentum paths are much more sensitive to the specific maneuver parameters. Simulation 
results are used to demonstrate the method effectiveness for both situations.
Chapter 6 exercises the backwards planning approach on satellites that are controlled by both Single 
Gimbal Control Moment Gyros and reaction wheels together in a coordinated manner. It will be shown 
there that the coordinated operation of the reaction wheels resumes the conditions for the previously 
mentioned ideal case, where the SGCMG system angular momentum path during the maneuver can be 
anticipated and optimized for minimum time as well.
Chapter 7 concludes the thesis by summarizing the research achievements and suggesting possible 
directions for further exploration.
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Chapter 2
B ackground
This section summarizes existing knowledge that is relevant to this study and describes the specific 
contribution of this research. First few pages are devoted for the single axis time optimal maneuver that 
serves as a good introduction to the general 3 dimensional case. The 3D maneuver start and end 
conditions that origin from the satellite mission are then reviewed. The 3D maneuver is then referred, 
starting with the motion equations and continue with specific reference to RW eontrol, SGCMG control 
and the combination of both actuator types.
2.1 Single Axis Time Optimal Rotation
The single axis angular maneuver is a good start for this research. Quoting from [20]: 
"For the purpose o f illustrating the proposed nonlinear feedback control logic, consider the 
single-axis attitude control problem o f a rigid spacecraft described by 
J 0 = u ,  \u(t)\<U  (2-1)
where J  is the spacecraft moment o f inertia, 6  the attitude angle, and u the control torque input 
with the saturation limit o f ±U  .
The time-optimal feedback control logic fo r the commanded constant attitude angle o f 6 ,^ is 
given by [22]
u = -U  sgn e + (2-2)
Where e = 6  — 6ç~ and a = U lJ  is the maximum control acceleration. The signum function is 
defined as sgn(%) = 1 i f  x > 0  sgn(x) = -1  if  x< i).
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In practice, a direct implementation o f such an ideal, time-optimal switching control logic results 
in a chattering problem. Consequently, there exist various ways o f avoiding such a chattering 
problem inherent in the ideal, time-optimal switching control logic... ".
At this point the paper presents its specific approach in developing a non chattering near time
optimal controller. Similar problem is treated also in [8 ] and [12]. The braking curve - 
e + (l/2 a)^|^| = 0 , and the attempt to track it on the way to steady state is common to all the
above approaches.
References [8 ] and [12] suggest a control logic that is based on Eq. (2-2), but replace the signum 
with scalar gain, and add a linear term. Both gains are chosen to satisfy the steady state 
requirement for bandwidth and damping ratio of the second order system:
U — — JCD„ e + 2 ^  n
2a
(2-3)
The above control is similarly subject to the limit ImI < C/ .
Reference [20] suggests a different approach as follows (for the comparison, the satellite angular 
rate limit is ignored):
u = -Jco l\  g-min 1 , — (2-4)
Each of the above approaches suffers some deficiency. In Eq. (2-3), the angular rate gain 
increases with the angular rate, while in (2-4) the angular gain decreases with the angular error. 
Hence, Eq. (2-3) may lead to control chatter during the braking curve tracking, while Eq. (2-4) 
may lead to inaccurate tracking of the braking curve.
This thesis suggests a different solution to the single axis ease, that will be later expanded to 3 
dimensions. The suggested approach is designed to satisfy both the chatter avoidance and the
braking curve tracking accuracy as follows:
u=<
-Jco l
-J o )
e + 6
V CO
V \e\<eBorder
n J (2-5)
V \e\>eBorder
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In the above, the braking curve time derivative is calculated using the definition: é = 6  and 
^Border  Calculated to receive continuity of the control gains of both e and Ô . This leads to the
following result where the damping ratio must be equal to 0 .7 5 :
u = -Jo)„ < e • min -\-9——mm 1 +
2\e\cD:
, C = 0 J 5 (2-6)
It is proven later in this thesis (section 4.2) that this scheme indeed satisfies chatter avoidance and 
braking curve tracking accuracy.
Additional innovative ideas of this thesis for the single axis are summarized below:
1. Different braking curve shapes, rather than e + (l/2a)^|(9| = 0 , can be built, where the
available braking torque is not constant, and varies with the angular rate by some function. 
Variable geometry, as in the SGCMG case, or angular rate dependent disturbanee, may be 
accounted by this approach.
2. The braking curve may inelude a maximum angular rate limit as is done in [20]. 
Alternatively, the saturation limit as a function of the angular rate: U = u{9)  may be shaped 
non symmetrically: = t / (ô) to meet the angular rate constraint. The
optimal control solution allows this without changing the solution nature that ineludes just 
one switching point of the control going from maximum to minimum. This allows inclusion 
of power and angular rate limits in the control. An example for this approach is illustrated in 
Fig. 4-1.
2.2 Maneuver Boundary Conditions
This section shows how the maneuver initial and final conditions may be derived from the 
satellite mission.
2.2.1 Satellite Mission Description
This research aims for remote sensing satellites whose payloads do not include line of sight 
steering means, such that their pointing requires rotation of the whole satellite. Frequent line of 
sight retargeting requirement creates a motivation to look for efficient actuators and control
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schemes that would support rapid attitude maneuvering together with adequate pointing accuracy 
and stability between the maneuvers where the imaged targets are tracked. Two sorts of imaging 
targets may be recognized with respect to the Line Of Sight (LOS) inertial angular rate:
1. Stationary targets, where the imaged object is usually very far. In these cases the retargeting 
process would require a "Rest to Rest" maneuver.
2. Moving targets, where the imaged objeet is usually near enough such that its relative velocity 
requires significant rotation of the satellite during imaging. In these cases the retargeting 
process would require a "Track to Track" ( [29] ) maneuver.
The focus here is on the seeond sort of targeting situations, which is typical to earth imaging, and 
is the more general and more demanding for the control system, because the varying initial and 
final angular rates that do not necessarily coincide with the initial Eigenaxis, and the line of sight 
direetion dependence on the maneuver time. In the Backwards Planning approach the targets for 
imaging have to be scheduled in advance, taking into aceount the satellite time response. When 
the satellite prepares for tracking a scheduled target, tracking start time is already known. Any 
target is thus treated in three stages:
1. M aneuver Initialization, where the required attitude and angular rate at the expected 
tracking start time are calculated. At this stage the Target Frame (TF) angular rate along the 
maneuver is determined as explained in the next section. A prediction of the satellite orbital 
position at the scheduled time must be used to make this initialization.
2. A ttitude M aneuvering Period: During the maneuver, the TF angular rate is taken as 
constant relative to the Inertial Frame (IF), such that on the maneuver end, when the BF 
converges to coincide with TF and target tracking starts, the satellite would rotate in the right 
angular rate. The TF orientation is calculated at each moment by Eigenaxis rotation from the 
tracking start attitude, as calculated in the first step, backwards in time aecording to the TF 
angular rate.
3. Target Tracking Period: During this stage the reference attitude for the satellite orientation 
is calculated to track or to scan the imaged target as explained in the next section.
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2.2.2 Earth Imaging Kinematics
The basic kinematics that is involved in tracking an imaged target on the earth or on any planet 
results from the requirement to make the target as stationary as possible in the eamera's focal 
plane and thus to minimize the image distortion during the exposure period. The moving targets 
that may be of interest are usually part of planet surfaces. The relative motion and the varying 
distanee do not enable absolute stationary image. For example, if the mutual distance is growing 
the target would inevitably shrink in the focal plane. The following two conditions are an 
example of a possible compromised set, purposed to minimize the target focal plan image 
distortion during the exposure period:
i A given image point shall remain stationary during imaging.
ii A given line along the image that includes the above point shall remain stationary during 
imaging.
We define for example that the stationary point shall be the point where the satellite Body Frame 
Zg axis, that represents the camera line of sight, hits the ground. The stationary line shall be the 
line where the Body Frame Zg — Yg plane crosses the earth. The Yg in this case represents a
chosen focal plane direction, for example the direction of the pixels rows.
Additional notations are as follows:
- Satellite position in earth centered Inertial Frame (IF)
Ry e - Earth fixed temporal ground hit point position in IF  of the vector Zg . The subscript 
T.C goes for Target Center'.
U.J. c _ Hit point R^ .^ as represented in BF.
Ry.cA - Earth fixed temporal ground hit point position in IF  of the vector Zg + Y ^ d a  that
slightly deviates from the Zg axis towards Ÿg .
Ut.ca - Hit point Ry represented in BF.
B - The transformation from the IF  to BF, which is a function of the satellite attitude.
A .2 A / f ( X B ) n
We define: Dg = ^ 2,2 ^2,3 (Y b ) [
1 ^ .1 ^3,2 A.3y
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Q - The earth rotation rate.
®  Track -  The required B F  angular rate relative to IF  for tracking the imaged target as
represented in B F  coordinates.
The system geometry is shown in Fig. 2-1 that presents a cross section in the Zg -  Ÿg plane.
Note that the earth circle in the figure does not necessarily include the earth center that in general 
stays above or below the figure plane. Also note that the points , R^ ^ .^  are moving in
the Inertial Frame in different speeds. R^^, is moving according to the satellite orbit and R^ ^  »
Rr.cA earth fixed points that change their positions in IF  according to the earth rotation. The
satellite thus has to rotate in a certain angular rate in order to fulfill the target tracking
conditions as set before.
Sat
T .C
T.C, T.CA
Fig. 2-1:
Satellite -  Target geometrv
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We define the following vectors in the B F  coordinates:
r  0  ^
^T.C — 0 —  Dg Rgat )
UT.CA
0
Uj c + d z j
- D b(R t_ca Rsat)
(2-7)
(2-8)
By the geometry of Fig. 2-1 relates to  ^ as follows:
^ 0  ^
1^T.CA ^T.C —
ta n /
U jçda (2-9)
/
In the IF representation Eq. (2-9) gives:
r  0  ^
^T.CA “  ^ T.C — (l^ B ) 1
t a n /
Ujç d a (2- 10)
Now, in order to find o^rack the linear velocities of the ground points have to be found. As they 
are defined to be earth fixed, their rates in IF are given by:
" o ' " 0 - Q o '
^T  C ~ 0 ^^T.C “ a 0 0
. 0 0 0 ;
RT.C (2- 11)
For the point R^. Eq. (2-10) is used to obtain:
" O ' " 0 - Q o ' " 0  ^
^T.CA “ 0 ^ ^T.CA “  ^T.C + Q 0 0 ( D ^ r 1
. 0 0 , t a n / .
d a (2- 12)
We can also express R^.c and R^ ^ ^^  in the satellite point of view as follows:
^T.C ~^Sat ■t'(l^BF(ÛT.C x U j ç )  (2-13)
^T.CA “  ^Sat (^B (Ût.CA tO^ rack ^ ^ T.CA ) (2-14)
Note that the X and Y components of 11  ^^  and tl^.cA are the focal plane motion rate of these
two selected points, and that both rates can be extracted from the last four equations as follows-
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Rearranging Eq. (2-13) and replacing from Eq. (2-11) and  ^ from (2-7) gives:
Û t.c —
^^T.C_Y ^Sat_X 
^ ^ T . C _ X  ~ ^ S a t  Y
- R S a t_ Z
^ T r a c k _ Y
~ ^ T r a c k _ X
0
CL15)
From the above equation, by letting both X and Y components of r  to be zero, which means
that the point is stationary on the focal plane, we get:
Û),Track _ X
\ ^ T r a c k _ Y  J
J^2,SP^T.C_Y ^ ^ S a 1 _ x )  ^ l,2 ^ f^ T .C _ X  ^5 aJ_ r ) + ^2,3^5a/_ 
A , i ( “ ^ ^ r .c _ r  ) +  ^ 1.2 c_% ~ ^ 5 a /_ r )~  A , 3^.
z
S a t_ Z  j
(2- 16)
T^.C
As may be expected, only two angular rate components are determined as a result of making the 
central point stationary. For the third component the second condition for the stationary line is 
used.
Subtracting Eq. (2-13) from Eq. (2-14) in both sides and using Eq. (2-12) and (2-9) yields:
^ 0 - Q 0 "
(D ^ r
0  "l f " 0  "
Q 0 0 1 Ut.c d a  = i p \ J ^ T .C A  — Û tp.c  Track ^ 1 U jçda H - \ l)
. 0 0 0 . .(any . I
The stationary line condition is translated to the condition that the X component of shall be
zero, which mean that the point remains on the Yb axis and do not rotate towards the Xb. 
Recalling that the X component of IJ^.c is already nullified by Eq. (2-16) gives the following
result for the X component of Eq. (2-17):
k . 2  ( ^ 2 ,1  ^ 3 ,1  ^ 1 ,1  ( ^ 2 , 2  ^ 3 , 2  / ) ] ^  ^T .C  ~
if^T rack  _ Y /  ~  ^ T r a c k  _  Z )  ^ T .C
After dividing both sides by Uj.^ d a  and replacing by the following DC matrices identities:
^ 1,2 ^ 2 1  “ ^ 1,1^ 2,2 ~  ~ ^ 3,3 ’ ^ 1,2^ 3,1 ~ ^ 1,1^ 3,2 ~  ^ 2,3
(2-18)
CO.Track _ Z  =  (^ T r a c k .Y  tail;k+(^3 3  ^tail/) Q (2-19)
Eq. (2-16) and (2-19) define the required angular rate of the satellite for tracking the imaged 
target. It shall be mentioned that may of the imaging payloads use the "push-broom" method, 
which means that the camera collects only one line of pixels at a given time and its line of sight
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has to move along the target for receiving a complete image. In this case the angular rate for 
imaging include two components: that keeps the target as stationary as possible in the
camera focal plane and that is superimposed on it for collecting pixel lines one after the
other. The value of is determined from the ratio between the pixel equivalent angle to the
pixel exposure time and its direction is along the focal plane pixel line. By this choice to make 
the cross line of Zg — Ÿg plane with the earth stationary, the scan angular rate direction should 
be around Ÿg . The angular rate for imaging is thus given by:
 ^ 0  ^
=  CO Track
Where  ^ denotes the angular rate of TF  relative to IF  as expressed in TF  coordinates. 
Replacing oTrack taken from Eq. (2-16) and (2-19) and using
[z>21 £>2 2 £>2 3]^  = (Yg)j, yield the following result that may be used to compute the satellite
required angular rate at imaging start (i.e. maneuver end) and along the imaging process:
+ 0)
0
(2-20)
/
V^r.c 0 0 ^
(Ot  ^ = 0 l/«T.c 0
. 0 tan/Z^T.c i j
{Di iRt c_Y ^2,2^T.C_X (^b)i ^
{P\ 2^T.c_x ~ ^
(A .3 -^2 ,3 tan /)Q
Sat
Sat +
^ 0  ^ 
^Scan
V 0 y
(2-21)
2.3 The 3D Rotation Equations
The equations in this section are arranged and structured in a way that supports the control logic 
development to be presented later in the following chapters. The rigid satellite rotation that is 
actuated by momentum exchange devices, such as RWs or SGCMGs, can be mathematically 
defined by the kinematics of the rigid body together with the coupled dynamics of the rigid body 
together with the actuators.
2.3.1 Satellite Kinematics
Following the previous section, the maneuver that is focused on is in general 3D "Track to 
Track" type, which means that the satellite may have initial non-zero angular rate and must
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complete the maneuver with some other angular rate that is required to start tracking or scanning 
of a certain remotely sensed object. Actually, the maneuver ends where the tracking starts. The 
satellite planned attitude and angular rate in the maneuver end define the "Target Frame" (TF) 
that rotates at a constant inertial angular rate, which is the tracking initial rate, and cross the 
tracking initial attitude at the planned moment for the tracking start. After tracking starts, TF may 
accelerate or decelerate according to the mission targeting requirements, but this is not a part of 
this work that is about the maneuvering control. When target tracking ends, TF is redefined for 
the next target and so on.
The satellite state vector for the proposed maneuver control includes its Body fixed Frame (BF) 
attitude 0 and angular rate o , relative to the previously discussed TF, which is specific for each 
tracked target. The selected attitude parameterization in this research is the Euler vector 0 . The 
advantage in using the Euler vector rather than other attitude parameterizations is that its 
kinematics equation in case of Eigenaxis rotation reduces to 0 = (O, which allows a simple 
transition from single axis to 3D rotation, just by multiplying the scalar equation 0 = co by a unit 
vector in the Eigenaxis direction. Basing on the quaternion definition as presented in [30], and on 
the definition of q in the nomenclature, the Euler vector is calculated from the quaternion vector 
as follows,:
0 = q {6'/sin(^/2)} , where ^  = 2sin"^||q||^
Eq. (2-22) is the Euler vector conversion of the quaternion kinematics equation from [31]: 
q = (l/2)[cos(^/2 ) 0  — (0 X q ] , using the Euler vector definition: above.
1_ 2 ta n (6 l2 )-0-0XCO + -------   '
2 26^tan(û/2)
0 = m + ^ 0 x (o  ^ 2 , j 0x(0x(o) (2-22)
Note that Eq. (2-22) reduces to 0 = o  in two possible cases: Either when 0  is close to zero, or when 
(0 and 0 coincide, which means rotation around the Euler axis (or Eigenaxis). In these cases, the single 
axis solution can be easily generalized to 3D.
hi most cases it can be assumed that 0  is bounded by —n  < 0 < k   ^ since there is no practical sense in 
rotating more than 180 degrees when it is possible to rotate by a smaller angle to the opposite direction.
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2.3.2 Satellite Dynamics with RWs
Eq. (2-23) is the basic equation of dynamics that actually splits the angular acceleration between 
the controlled term- a,, that is created by the rate of change of the RWs or SGCMGs angular 
momentum, and the 'disturbance' term - that is not directly controlled and its sources are 
detailed later in this chapter.
C) = ttc + tto (0 ,0 , ) (2-23)
Each RW can be regarded as a single axis free rigid body whose differential equation is therefore:
'^ Wi (2-24)
is the RW angular momentum around its axis and is the net torque that is operated about its
axis. The RW inertial angular rate is composed of the satellite angular rate projection along the spin axis 
V. and the RW rotation rate relative to a satellite fixed frame, such that:
+^wi) (2-25)
, where J^. is the moment of inertia of th e i*  Reaction Wheel about its spin axis, and tOg"*
represents the satellite inertial angular rate as expressed in the body frame (BF).
Following subchapter 3.6 of [5], a rigid satellite that carries an axisymmetric rotor (such as a 
RW) is a gyrostat whose total angular momentum can be expressed as the sum of two quantities. 
One associated with a fictitious rigid body that has the same mass distribution and moves as one 
unit. The second quantity accounts for the RW rotation relative to the satellite, such that their
N
combined angular momentum is: Hg where Ig is the moment of inertia
Z=1
of the satellite together with the Reaction Wheels as one unit, and N  is the number of reaction 
wheels. Putting into this equation, 6%. as derived from Eq. (2-25) results with a new moment of
inertia definition, as given in Eq. (2-26), and the combined angular momentum expression, as 
given in Eq. (2-27).
N
J  = (2-26)
i=l
N
Hg = JcOg  ^ (Angular momentum bias) (2-27)
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The total satellite system angular momentum is composed of the satellite body momentum 
together with the momentum of all the mounted RWs. The above Hg is referred here also as the
system angular momentum bias. It should be noted that when observing the above vector in the 
Inertial Frame (IF), its rate of change is equal to the total external torque acting on the system Tg
that is composed mainly of aerodynamics, gravity gradient, residual magnetism and solar 
pressure. This indicates a rather slow dynamics of this angular momentum bias as viewed in the 
IF comparing to the attitude dynamics.
The total control angular acceleration with N RWs is defined as follows:
N
(Control angular acceleration) (2-28)
(=1
By equating the Hg time derivative as viewed in the Inertial Frame to the total acting external 
torque Tg : |( j/& )H g  = \^d/i/f)Hg jg  ^+ Og“  ^x Hg = Tg, and using the three last equations (2-
24), (2-27), (2-28), the rigid vehicle dynamics equation of motion results as follows:
= a c + r i T g - m ^ - ' x H ^ )  (2-29)
In order to meet the requirement to allow non zero final angular rates, the vehicle angular rate © 
is defined here relative to a Target Frame (TF), that rotates at a constant angular rate relative to 
the IF  (Eq. (2-21)). This constant angular rate of TF  is actually the final angular rate after the 
maneuver is completed. This leads to the following definition:
o  = « y  = -(Og-^ => ©g"  ^ = © + ©g"  ^ (2-30)
Where ©g  ^ is the same ©^  ^ of Eq. (2-21) as transformed to the B F  coordinates according to 
the mutual attitude 0 or q between TF  to BF.
Replacing ©g"  ^ from Eq. (2-30) into both sides of Eq. (2-29) requires to compute — ©g“  ^ as
dt
well. To do this it should be recalled that © "^  was defined to be constant in IF , and therefore: 
^©^■^ + © r '  x©^-" = 0  (2-31)
Executing derivation by time on Eq. (2-30) and replacing — ©g'^ from Eq. (2-31) gives:
dt
d  R _ /  d  D _ /  7- _ r
— ©g = — © - © g  x © g  (2-32)
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Replacing ©g  ^ from Eq. (2-30) and using ©g  ^x©g  ^ = 0 yields:
d  g_/ d J - r
— ©g = — © - © x © g  (2-33)
dt dt
Replacing the last result for dal~^ I  dt together with ©g"^ from Eq. (2-30) into Eq. (2-29) yields 
the following dynamics equation as expressed in the rotating Target Frame (TF):
— © = ttg + J * [jg — (© + ©g  ^)x  H g ]+© X ©g"  ^ Satellite dynamics in rotating TF  (2-34)
The disturbing acceleration ttp as defined in Eq. (2-23) is thus given by:
+ + » x © r '  (2-35)
It should be noted, that in practical control design the control capability must be sufficiently large 
to counteract a  j ,. As can be seen, most terms of are proportional to the angular rate © , such 
that © during the maneuver must be limited in some way to prevent from exceeding the 
controllable level.
Following the above definitions and using Eq. (2-29) and (2-30), the vehicle equation of motion 
becomes: 
d
— ©="«c+«D (2-36)
2.3.3 Satellite Dynamics with SGCMGs
With SGCMG of Eq. (2-24) is approximated as zero and the angular momentum of each 
wheel is considered as constant. The alignment vector 0. is however variable, unlike in the RW 
case, and f). depends on one angle of rotation (denoted as S. ) of the gimbaled wheel ([28] 
subchapter 2.5):
= XcMG(/) cos((^. ) + sin{S. ) (2-37)
When calculating the SGCMG contribution to the satellite angular momentum, it is a common 
practice to ignore the satellite and the gimbal angular rates, as related to the wheel spin rate, such 
that Eq. (2-27) with SGCMGs together with RWs becomes ( [21] ):
^  A'CAfG
Hg = J©g"^ + (Satellite system angular momentum) (2-38)
/=i j=i
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The SGCMGs inclusion requires correcting Eq. (2-28). Basing on Eq. (2-38) for the angular 
momentum and repeating the same procedure as in deriving Eq. (2-29) from Eq. (2-27) yields the 
corrected control acceleration with SGCMGs together with RWs as follows:
« r  ——J
^^C M G  r'C C , ^ 1  N jiy /
1=1 1=1
(2-39)
This variable wheel ahgnment, that is typical to SGCMG control, complicates the control 
allocation for each unit and may create singularity problems for the controller. However, in the 
level of the differential equations, the dynamics equations (2-35) and (2-36) are valid for 
SGCMG as well as for RW, subject to the replacement of Eq. (2-28) with (2-39).
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Chapter 3
Literature Review
3.1 Time Optimal 3D Maneuvering
The optimal control theory as presented for example in [22] provides tools that may enable to find the 
control timeline that results with minimum maneuver time. Apparently these tools should supply the 
ultimate solution to the rapid maneuvering control problem, but unfortunately they are not fully proof. 
Some known deficiencies and limits to the optimal control applicability are known from literature:
1) The time optimal solution of the 3D rotation problem is not analytically solvable as the single axis 
case, because the non linear coupled nature of the kinematics ( Eq. (2-22) ). In most cases, only a 
numerical iterative solution is available. This solution is typically incompatible with real time 
computing constraints ( [18]).
2) The time optimal solution tends to be a "Bang-Bang" one. When apphed in closed loop it would 
usually produce control chatter as a result of system uncertainties or state estimation errors.
3) The "Bang-Bang" type solution always consumes maximum effort from the actuators with 
sometimes only marginal benefit as compared to suboptimal solutions. This claim is supported by 
[11] and [37].
4) Uniqueness of the solution cannot always be assessed. For example, reference [37] in 2009 found 
new results for the same problem as solved in [7] in 1993.
Despite the mentioned drawbacks, there is a continuous progress in optimal control application for rapid 
maneuvering. Reference [7] from 1993 was probably the first to provide an insight for the optimal 
control applicability to the 3D rotation case that is constrained by angular acceleration. Its interesting 
results show 3 main features of the time optimal maneuver: a) The time optimal rotation is in general 
not around a fixed Eigenaxis ; b) Along the maneuver, all the actuators are either in maximum or
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minimum output ; c). The number of actuators switching points along the maneuver reach five or 
more, compared to one in the Eigenaxis case.
Reference [15] extended the time optimal maneuver problem by approximating the switching times in a 
way that may allow their real-time computation. In the point of view of this research however, a "Bang- 
Bang" control is not considered as a closed loop solution, because there is no regulation between the 
discrete switching occasions.
Reference [29] is about finding time optimal polynomial functions for the maneuver trajectories to be 
tracked by the satellite attitude control system.
Reference [14] from 2010 demonstrates by simulation the applicability of the Pseudo-Spectral optimal 
control technique as a numerical tool for efficiently solving the time optimal 3D attitude maneuver. A 
closed loop operation of the algorithm is demonstrated as well on simulations. Reference [42] from 
2011 goes further with the Pseudo-Spectral technique and presents its implementation on a real living 
satellite: the NASA TRACE space telescope. This work has taken the reorientation requirements as well 
as the actual parameters and constraints of the satellite, and created a timeline of time optimal target 
quaternions that were re-sampled to a uniform time grid. The resulting table was up-linked to the 
satellite, where the quaternions timeline was reconstructed and tracked by the attitude control system.
As mentioned, the control effort in the time optimal solution is always maximal in each of the 
actuators. Even the actuators that are normal to the maneuver direction are operated in their 
extremes with only marginal benefit in niany cases. In this context, reference [11] comments: 
"The algorithm presented in this paper { meaning [11] y attempts to balance the opposing goals of 
minimum time and minimum control effort when using reaction wheels. A practical solution to these 
opposing goals might be to minimize the maneuver time around the eigenaxis. An eigenaxis rotation 
results in the shortest angular path and therefore also in near-minimum control effort during minimum­
time maneuvers.". Reference [37] also concludes: "we think (as a practical matter) that all these 
interesting numbers tell us that the easy-to-implement eigenaxis control remains a very good suboptimal 
control solution."
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3.2 Attitude Regulation and Tracking
In practice the time optimal solution, as well as any suboptimal solution has to be implemented 
by a closed loop scheme that would compensate for the uncertainties. Some level of uncertainty 
and modeling error would exist in any realistic control application. In this context, non linear 
state feedback control logics for rigid satellites attitude have been intensively referred in the 
literature. Both regulation and tracking cases are referred. The regulation is usually the simpler 
case where the Target Frame is at rest, while in tracking the Target Frame may rotate at varying 
rates. In the tracking case it is usually assumed that the Target Frame motion is known and may 
be compensated for by the control system. In [17] for example, both the Target Frame angular 
rate and acceleration are used by the control logic.
It should be noted that the mentioned Target Frame orientation timeline can be computed in 
advance by a dedicated algorithm to produce the whole maneuver attitude timeline. This policy is 
referred here as "command generation" and applied for example in [42], as discussed in the 
following section. In the command generation cases the real time part of the control algorithm 
does not need to be optimized for the transient response, because most of the time it would stay 
in steady state conditions tracking the attitude command timeline.
Alternative policy is to command attitude as required for the mission and to let the control system 
gap, in real time operation, possible in-continuities that result from changing the target pointing. 
In such cases (that are more interesting from the point of view of this research) the real time part 
of the control algorithm does have to be optimized for the transient response. The following 
reference papers are discussed here from the second point of view where a maneuver is viewed as 
a transient response that is excited by attitude command in-continuity.
Reference [33] from 1968 is probably the earliest to analyze attitude regulation that is based on 
quaternion vector feedback. A more general closed loop solution that is also based on quaternion 
vector feedback is analyzed in [13] from 1989. Both papers use a constant gains scheme and they 
both ignore the possibility of actuators saturation.
When maneuvering is required, and control saturation can occur, the control constraints should 
be accounted in the control logic to receive an efficient design ([3], [20]). One of the early 
examples for control constraints accounting is [3]. Reference [20] presents a more developed
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approach by applying a separate Braking Curve for each of the 3 control axes. This Braking 
Curve sets the maximum angular rate as function of the angular error for "safe" braking that is 
free from overshoot. By this method each axis has to be allocated with some fixed value of 
braking capability (deceleration).
Reference [1] further develops this method. One of the contributions in [1] is in using the actual 
deceleration capability along the rotation axis, rather than allocating fixed amounts for each 
control axis. Unlike [3], [13], [20] and [33], reference [1] uses the Euler vector feedback instead 
of the quaternion vector, and by this receives an accurate analytic Eigenaxis Braking Curve.
The Variable Structure Control (VSC) method is represented in this review by [17] and [18]. The 
general VSC approach ([46]) is to define in the state-space a set of sliding surfaces (that is also 
referred to as sliding manifold or switching surfaces). The surfaces are usually planar. The VSC 
control includes a switching logic between maximum to minimum control about those surfaces, 
such that the state is forced to approach and to track them in a stable manner. This switching 
between maximum to minimum control usually makes the VSC solution very robust. The 
surfaces are designed such that tracking them will bring the state to its desired point while 
satisfying some optimality requirements. In the practical application, in order to minimize control 
chatter, the switching is made 'softer' by using a linear function in the close vicinity of the 
surfaces as done in [17]. The general conclusion from the VSC approach is that their planar 
switching surfaces do not supply a time optimal or near time optimal control when the control 
resources are limited. As will be shown, curved surfaces are usually required when going near to 
the control limit. VSC approach however, as in [17], can be a good control solution to make a 
satellite track an optimal reference trajectory that is calculated by a (time optimal) command 
generator.
Backstepping is also a control design technique that has been considered for satellites attitude 
maneuvering. It is based on using part of the system states as virtual controls for the other states. 
This approach is represented in this review by reference [43] that suggests a nonlinear 
backstepping attitude controller using the inverse tangent-based tracking function and a family of 
augmented Lyapunov functions. A tuning method of the control parameters is suggested to avoid 
actuator saturation during the maneuver. The general conclusion from [43] approach is that
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similarly to the VSC case, this approach is not supposed to be a near time optimal one, where the 
control resource exploitation should be close to the hmit over the whole maneuver, and not only 
in peaks as is the case with [43].
3.3 Near Time Optimal Methods
Regarding the above options, the Eigenaxis near time optimal solutions seems to be a reasonable 
compromise between the heavy time optimal solution and the relatively simple regulators. As 
mentioned, the Eigenaxis kinematics allows to apply the single axis methods on the 3-D case. 
Several papers, such as [3], [9], [10], [11], [13], [16], [19], [20], [21], [33] deal with this family of 
solutions. They can be split into three main methods:
1. The "Fixed Eigenaxis Rotation m ethods", ( [9], [11], [19] ) where the Eigenaxis is 
determined in the maneuver start and the actuators torque along the maneuver axis is saturated 
-  first maximum for acceleration and then minimum for deceleration.
2. The "Com m and G enerator m ethods", ( [10], [16], [29] ) where the maneuver trajectories 
timeline is calculated before and then tracked by the control system.
3. The "Braking Curve Tracking m ethods", ( [3], [13], [20], [21], [33] ) where the Eigenaxis 
reference angular rate for braking is continuously updated during the maneuver according to a 
"Braking Curve". This braking curve is reached and tracked with full controllability, which 
means that the actuators are close to saturation but do not reach their full capability, such that 
the target attitude is always accurately reached.
The main deficiency of the first "Fixed Eigenaxis Rotation" method is that it does not 
accommodate for initial angular rate that is not aligned with the initial Eigenaxis.
The "Com m and G enerator" method is based on computing in advance a complete timeline for 
the desired attitude along the whole maneuver or, as in the case of multi-targeting, along series of 
maneuvers with imaging periods between them. The control system is then required just to track 
the input timeline. By this method, the control system would stay in steady-state tracking 
conditions for most of the time along the maneuver (or series of maneuvers) and it does not need 
to be optimized for the transient response. The in-advance timeline computation is based on the
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performance requirements and on the satellite mathematical dynamics model. Conservative 
margins have to be applied on the model, in order to assure that the resulting timeline can be 
tracked by the real system. The performance requirements are typically to minimize the 
maneuver time. Reference [29] for example develops a time optimal command generator that 
produces polynomial time functions for the attitude command. In [42] (as mentioned in section
3.1) the time optimal attitude timeline is output in the form of uniform time grid table.
Considering computational effort, the method may be more demanding than the third one, and it 
usually has to be executed in advance before the maneuver starts as a background process. The 
actual computational effort for the attitude command timeline production depends on the 
complexity level and sophistication of the Command Generator. The second deficiency of this 
method is that it must create the maneuver timeline with conservative estimate of the control 
capability, in order to allow its safe tracking during the acceleration and the deceleration phases. 
Oppositely, the Braking Curve Tracking method takes safety margins on the braking capability, 
but allows the acceleration phase to be done with full effort.
Opposed to previous method, the "Braking Curve Tracking" is a non linear state feedback 
scheme that is optimized for the transient response. This method lays in the focus of this research. 
References [11] and [37] are followed here in choosing Eigenaxis Braking Curve, recalling that 
the Eigenaxis maneuver is considered in [37] as a "very good suboptimal control solution". This 
approach shows better suitability for on-board real time implementation together with good 
accommodation for the system various characteristics and limits. Some of these characteristics, 
such as the system initial angular momentum may be unknown for the Command Generator that 
generates its trajectory path in advance. The Eigenaxis Braking Curve usually consists of 3 
sections as illustrated in the following Fig. 2-2:
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Fig. 2-2: A general braking curve structure
Reviewing the mentioned references, it may be recognized that not all of them include all the 
three sections: Reference [13] applies Bj alone, [3] applies B j and B 2 and [20], [21] apply all the 
three. Although [20] and [21] are the most general in the braking curve application, their braking 
curve direction is not fully adaptive and is allocated firmly to each of the three orthogonal control 
axes.
3.4 Reaction Wheels Control
Reaction Wheels (RWs) are very common attitude actuator for unmanned satellites and long 
missions because they are simple devices and consume no propellants but only electrical power, 
which is a renewable resource that is usually generated from the solar light radiation. For 
example, [36] describes a typical RW application for attitude control of the geostationary 
SPACEBUS 4000. Reference [4] describes a typical RW appHcation for attitude control of the 
maneuvering sun observation satellite PROBA-2. Most.
The RWs are usually used as torque generators, and their attitude control application is very 
similar to the use of reactive or cold gas jets. The main difference is that the RW must be taken 
into account in the combined system angular momentum, which results in different gyroscopic 
torque. Many of the papers that have been mentioned in this chapter are applicable to RW 
control. Some of them, such as [1], [11], [17], [20], [42] specifically refer to RW control.
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3.5 SGCMG Steering Laws and Control Structure
"Steering law" is generally the term for the lower level control logic, where the torque 
requirement is translated into actuators control signals. RWs steering laws that are also referred 
as "control allocation methods", are analyzed in [6] and [11], but the most general RWs 
allocation analysis is presented in [24]. Steering laws for SGCMGs are more complicated 
because the matrix that links the control signals to the torque depends on the gimbal angles. 
Singularity issues are therefore created where SGCMGs are used.
SGCMGs steering laws determine the required rotation rate for each gimbal. Most steering laws 
are defined in the angular momentum domain and output the gimbals rotation rates to produce a 
given required torque or angular momentum increment. Examples for such steering laws may be 
found in [20], [21], [23], [32], [35], [45].
The singularity effect with SGCMG steering and the ways to cope with it is the most discussed 
matter in the literature with this respect. Actually full PhD theses, as [28], have been devoted for 
this phenomenon. Only few recent works will thus be referred here with this respect:
Reference [32] is interesting for this research in the sense that it avoids the need for matrix 
inversion by devising a feedback based steering law that includes a dynamic transfer function. 
The feedback loop is created by introducing a dynamic transfer function between an input error 
vector and the output gimbals rotation rates. This spoken error is computed between the input 
torque requirement and the feedback, which is the actual output torque that is produced by the 
gimbals rotation.
Reference [35], contains a brief but effective review on the singularity phenomenon and the 
mitigation of its effects, and proposes a singularity avoidance and escape algorithm that is 
formulated from the singularity avoidance algorithm known as Local Gradient (LG) and 
singularity escape algorithm known as Singular Direction Avoidance (SDA).
Reference [45] suggests to generate a lookup table of singular surface cost functions. This cost 
function is based upon the angle between the desired torque and the singular direction. If this 
angle is small then the singularity is more serious, since on any singular surface it is not possible 
to produce torque in the singular direction, however torque can be produced in other directions. 
Using the lookup table the most serious singularity on nearby singular surfaces is found, and an
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error torque is added to the desired torque to steer away from this serious singularity. The 
pseudo-inverse steering law is then applied to the error torque plus the desired torque to steer the 
system away from the singularities which are most likely to cause problems.
Fig. 2-3 shows how such steering law is integrated in the attitude control logic that is based on. 
Braking Curve Tracking method as in [3], [20] and [21].
Braking Curve
Law
Allocate
SGCMG
rates
S/C Rote to
Coutml ActuateCommand
Fig. 2-3: Common Braking Curve control structure with RW or SGCMG
As depicted, the cascaded control structure includes steering laws in the angular momentum 
domain.
Reference [44] is interesting for this research in the sense that it modifies the above common 
scheme and actually cancels the steering law. The presented approach has two parts. The first one 
is to generate in a:dvance a command timeline for each individual SGCMG in a way that 
optimizes their accumulated energy consumption. The second part is a real time feedback loop, 
devised to superimpose additional commands for the SGCMGs, to compensate for the satellite 
initial unpredicted attitude and angular rate deviations, as well as for the system modeling errors.
3.6 The Hybrid Configuration that Includes RWs and SGCMGs
Variable Speed CMG (VSCMG), as discussed for example in [34] may be viewed as a sort of 
hybrid actuator. In the VSCMG, the rotor motor is used together with the gimbal motor to 
generate an additional control axis. This additional axis however suffers even more severely from
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the main drawback of RWs in general, which is the low torque to power consumption ratio. This 
ratio is inversely proportional to the rotor spin rate, which creates a conflict with the will to 
reduce the rotor mass or size by increasing the spin rate. The option to use the rotor torque has 
however a smaller mass and cost penalty as compared to using SGCMGs and RWs together, but 
does not give the same performance advantage, as demonstrated later in chapter 6. The VSCMG 
is thus a valid option for a maneuvering spacecraft that is not explored in this research.
As for the hybrid actuators configurations (meaning more than one type of actuator), [27] 
indicates that they are not considered as promising, probably due to their complexity. 
Combination of MWs with SGCMGs has however been suggested in [39] for attitude tracking, 
and combination of flywheels with DGCMGs has been suggested in [40] and [41] for combined 
attitude and power control. Yet, none of these three references is concerned with rapid 
maneuvering control.
3.7 This Thesis in the Context of the Literature
This research interest is in closed loop solution for maneuvering. This means that the system has 
to be optimized for the transient response. In this sense, the command generation approach is 
rather irrelevant for this research in spite of its discussed advantages and drawbacks.
The near time optimal approach of this research combines the Braking Curve Tracking technique 
as in [20], and the main "Backwards Planning" element of [1], which is the updating Eigenaxis 
Braking Curve that uses a three dimensional control capability model, which is the control norm. 
When the initial angular rate is zero (or along the Eigenaxis), this approach would result with an 
Eigenaxis time optimal motion, which is regarded as "a very good suboptimal control solution" 
([37]).
In the Reaction Wheels control part, the main improvements in the approach of this research with 
respect to [1] and [20] are:
1. The actuators saturation is differently managed to improve the performance, and 
analytically support the state convergence into the braking curve.
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2. The braking curve angular rate is always in the Eigenaxis direction at each given time and 
its shape, compared to the commonly used parabola, is modified to accommodate for 
possible changes in the control authority along the maneuver.
3. RW Angular rate limit and possibly power consumption limit that result with non 
symmetric positive and negative torque capability are accommodated.
In the SGCMG control part, this research applies a similar "Backwards Planning" approach on 
SGCMGs actuated spacecraft that results with new circular arc shaped Braking Curve. It also 
develops and applies a novel alternative steering law in the gimbal angles domain that is 
discussed in chapter 5, and is proved to be effective for the Backwards Planning maneuver 
control.
As rapid maneuvering control with Hybrid Actuators configuration, that combines RWs together 
with SGCMGs, have not been treated in the literature, this research chooses to explore this 
possibihty more thoroughly and proposes a new attitude control method for high agility rigid 
spacecrafts that is based on this hybrid actuators configuration.
This thesis thus devotes chapter 6 for presenting a novel efficient controller with this hybrid 
actuators configuration. It is shown that the SGCMGs are free to perform their time optimal 
straight path from maximum momentum to zero, which creates optimal Eigenaxis braking, when 
the RWs compensate for the variable unexpected system angular momentum bias. This enables to 
reach 95% efficiency in using the SGCMGs torque for braking (see simulation results in section
6.2). In a different system and a different control method, in a numerical example of [20], the 
available braking torque with pure SGCMG configuration was estimated to be only 40%. This is 
because the torque capability along the braking is normally very non-uniform and variable, unless 
managing to stick to predefined gimbals angles paths, and taking into account the torque 
capability variation.
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Chapter 4 
Reaction W heel control
This chapter addresses the problem of efficient rotational maneuvering of a Reaction Wheel 
(RW) controlled rigid satellite with the Backwards Planning steering laws.
The RW are assumed to be fixed to the satellite structure. Their geometrical configuration with 
respect to the satellite varies, but at least three of them shall be installed with their spin axes in 3 
linearly independent directions to provide three axes controllability ([2]). The use of 4 RW is 
common ([3], [4]) and provides redundancy as well as enlarged control capability. A common 
requirement with 4 RW configurations is that each three of them should be capable to provide 
three axes controllability. Because the 4 RW configurations are tolerant to any single failure, the 
use of more than 4 RWs is rather rare, but is also addressed here.
Any RW has normally operational limits. The common ones are the maximum torque and the 
maximum angular momentum. Possible existence of power consumption limit is also referred. 
The power consumption limit is expressed as speed dependent torque limit in the acceleration 
direction, where acceleration means that torque and speed are in the same direction. The braking 
torque limit is assumed to be unaffected by the wheel speed, as illustrated in the following Fig. 4- 
1. The torque of each RW is controllable, and all of them together create the control angular 
acceleration of the satellite, that is denoted by A step by step development of the proposed 
steering law follows along this chapter.
4.1 Control Capability Modeling
In order to develop an efficient controller, it is useful to separate between two system levels. The 
first is the actuator level, where the optimization of the use of the control resources is studied. 
This is discussed in this section. The second is the attitude control level, where the efficient 
controller that relies on the control resources is developed. This is discussed in the next section.
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Fig. 4-1: Typical Reaction Wheel envelope of operation
In this section the angular acceleration resource and its link to the control allocation method is 
analyzed and mathematically defined. Subsection 4.1.1 is a summary that is based on paragraph 
n  -  B of [1]. Subsection 4.1.2 presents and elaborates the Loo allocation method that fully 
exploits the control resources. Subsection 4.1.3 presents the Biased Envelope Operator (BEG), 
which mathematically models a non symmetric control capability situation, that may result from 
existence of disturbing or bias torque sources. It will be shown in subsection 4.1.4, that a power 
limited reaction wheel can be modeled by applying the 'BEG'. In general, the BEG is applied in 
the control law saturation management as discussed in subsection 4.2.3.
4.1.1 Summary
1. Control allocation :
The control allocation is the algorithm that translates control requirement in the BF level to the 
RW level. The control variables are angular acceleration or angular rate. The first one would be 
translated into RW torque, and the second would be translated to RW angular momentum. 
Equation (2-28) links the control in BF to the RWs control signals. The control allocation is 
about inversing the inputs and outputs of this equation. When only 3 RWs exist, the allocation is 
unique, where as in the case of 4 RWs or more, there may be infinite number of solutions, unless
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an additional requirement, such as to optimize a certain cost function, is stated. Two of the 
common ones are:
a. L2 that minimizes the cost , which is the second norm of the N dimensional RW control 
array:
'^ W\ '^ n'-''W 2
Limit Limit _ 2  Limit _3 ' Limit _ N
(4-1)
b. Loo that minimizes the cost , which is the infinity norm of the N dimensional RW control 
array:
H^/1 T,:
' Limit _  1 Limit _ 2 Limit _ 3 ' Limit _ N
(4-2)
The symbols meaning in the above two equations are:
Ty^ . is the torque control signal for the i * RW rotation axis that is assumed to be equal 
to the actual one
L"Limit_i is the torque control signal limit of the i * RW
In this context, proportional allocation is defined such that if ^WiJ w2Jw3,...Jwn is allocated to
«C (which is the control acceleration), then for any scalar À , the allocation to /la^ shall
be It can be shown, just by rescaling of variables that both L2 and Loo,
result in "proportional" allocation algorithms. It is thus clear, that with the Loo method, the 
maximum possible control in a given direction can be obtained without exceeding the given 
torque limit of any RW. This is the reason why the Loo is preferred here. However, the solution 
by Loo requires more computational effort.
The L2 results in the allocation formula, known as the "weighted right pseudo-inverse matrix" 
([2], [3]) as follows:
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'■w\
f
[vri
T
[vr]
-1
0L i m i t ^ 0
^ W 2
= -D
vj VÎ
D J®c ;
^  Limit _ 2
0
V /
0 ^  Limit _ N _
(4-3)
, where v. is a unit vector in the direction the i‘^  RW rotation axis, termed in the Body Frame and 
J is the Satellite 3x3 inertia matrix.
The Loo allocation, that is more complex, will be discussed in the next section.
2. Definition of the control norms :
In general, the angular acceleration capability depends on the control allocation algorithm that is 
used to split the 3D control between the RWs. For the proportional allocation that is applied here, 
the maximum absolute value, for all reaction wheels, of the ratio between the allocated amount to 
the hmit amount is defined as the "control norm" that measures the proportion between the 
required control to the achievable control in the same direction:
u = Max\ T ^ l ( u ) ^ W 2 ( u ) V . ( u )
Limit Limit _ 2 Limit _3 Limit _ N
(4-4)
Note that the above defines the control norm for any proportional allocation method. The 
function % (u ) represents the allocation formula or allocation algorithm (that must be a 
proportional one), such that the norm value depends on the allocation method that is chosen. For 
example, when allocating according to (4-3), the corresponding norm formula is directly obtained 
as follows:
^1 ^ Limit
r^ 2  Lim it_2
V  T Limit _ N
[v, Ju (L2 allocation norm) (4-5)
As stated, the control norms are the ratio between the required control to the available control in 
the same direction. These norm functions, when operated on a 3D vector, return the ratio between
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the vector Euclidian magnitude to the maximum achievable angular acceleration along the vector 
direction with given allocation method. The angular acceleration norm will be denoted as ||u|| ,^
where u represents a general 3D vector. Its algebraic definition is as follows:
'"IL-sSo
The maximum angular acceleration in all directions create closed surface in the 3D space. This
surface will be referred to as the maximum angular acceleration envelopes. The equations of
these envelopes are directly derived from (4-6) by exchanging the places of the denominator and
the left hand term, multiplying both sides by û , where û  is a unit vector in the direction of u , 
and replacing ||u||^ u = u , (u) = (u). The result is :
a^^^(u) = UTr4— : Angular acceleration envelope equation (4-7)
IHL
This means that the control requirement may be divided (^normalized) by the norm value to 
receive the maximum achievable control along the intended direction. In all cases that are 
analyzed here, the angular acceleration norms have the following form:
l|u|L ~ (General form of an angular acceleration norm) (4-8)
, where u is a general 3D vector, and each column of the matrix is a 3D vector that defines
two opposite planar faces of the multi-plane shape of the angular acceleration envelope. The 
number and position of these surfaces depend on the control allocation method. This common 
form (4-8) is valid for the L2 allocation as seen in equation (4-5) and to the Loo allocation as 
discussed in the next section.
It is proved in [1] that norms that are structured as Eq. (4-8), fulfill all the four norm properties:
Ml = 0 (4-9)
||u||>0 for every u 0 (4-10)
||uA|| = ||u|| |/l| for every scalar A (4-11)
|u| H-|v| > ||u-f-v|| (4-12)
( The last one is usually referred to as the triangle inequality. )
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3. Finding safe control limits (from reference [1] page 13):
From Eq. (4-7), maximum control at a given direction of a general vector u  can be found. In this
paragraph, the maximum "safe" control, that will allow a required margin for disturbance
compensation will be found. In the case of safe angular acceleration control, it is frequently
required that after adding any possible disturbance compensation vector, the result shall be within 
the envelope. Translating this condition in terms of control norms result with the following
requirement:
(4-13)
The triangle inequality (4-12) gives:
||“ w .(“ ) + “ d |L + K I L  (4-14)
Thus, it is conservative to require for the "safe" angular acceleration as follows:
||“ s./,(“ 1L+II«dIL s 1 (4-15)
In order to satisfy (4-15) in any condition, the "Safety factors" for acceleration is defined as: 
F ^ = \-M a x \  ||a^|l i (4-16)
, such that (4-15) becomes:
|k . / , ( u |= - 'V  (4-16.1)
It may be assumed that is positive, because negative values would indicate possibihty that the 
disturbance is in excess over the control that means uncontrollability.
Applying the norm definition (4-6) on (4-16.1) results with: oCsafe^l^M ax^=  » which gives 
^ S a fe ^ -^ a ^ M a x ^  - Multiplying both sides by a unit vector in the direction u gives
“ safe(«) = «Max(u)^a * ^ow  putting from Eq. (4-7) yields:
/ \ F
= (4-17)
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4.1.2 The Loo Allocation
With Loo the control is allocated to receive minimum infinity norm of the N  dimensional RW
control array i.e.: Min . Following the control norm
' Limit _ 1 Limit _  2 Limit _ 3 Limit _  N
definition (4-4), it is clear that this allocation provides the minimum control norm for any control 
vector, such that by this method, the maximum possible control is available at any given 
direction. The Loo allocation can be solved with linear programming tools. However, an explicit 
analytic solution is pursued, to allow better insight and applicability.
It shall be noted that the explicit analytic solution for the Leo allocation has been recently 
published by another author in [24]. This section uses the same idea and expands the subject to 
reach a formula for the Loo angular acceleration norm with possibly different torque limit for 
each RW.
Starting with definitions and notations, each term in the norm expression (4-4) is
denoted as a 'Norm Element'. The total number of RWs in the satellite is denoted by N  . The spin
axes of any two RWs define a plane, unless they are on the same line, and may then be 
considered as one 'bigger' RW. Each plane normal unit vector is denoted by fj^, where the
subscript k  denotes the plane index. With any given plane index k , the RWs are split into two 
groups : 1) The In Plane group with at least two RWs, whose axes are normal to r\  ^ ; 2) The Out
of Plane group, that includes all the RWs that are not in the first group. The index k varies from 
1 to M , where M  denotes the number of planes. The maximum value of M  , which results 
when only two RWs spin axes stay on each plane, is the number of possible pairs out of N  
elements, such that:
M  < N ( N -1)12  (4-18)
In principle, a minimization process for (4-4) may be conceived, where the RW with the biggest 
norm element and transfers some of its excess into three RWs with smaller commands and with 
linearly independent axes directions, until two of the four reach equality. Then repeat the process 
with the two together, until reaching equality with a third one, etc.. This process will end at the 
point where all the RWs, that are required to share the excess, stay on the same plane, while the 
Out of Plane group are all equal and with bigger norm elements. This intuitively, leads to the
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conclusion that the Loo allocation results when an Out of Plane group norm elements are equal 
and minimal and the In Plane group norm elements are smaller.
In order to translate this into algebraic formula, it is first required to find the minimum infinity 
norm of an Out of Plane group. A general Out of Plane group, indexed k , is thus treated, and its 
required torque along the normal direction is equated to the produeed torque of all RWs in the
same direction. Applying this idea on Eq. (2-28) gives:
'W\
(4-19)
Assuming equal norm elements for all the Out of Plane group, and denoting it by |%^|, the
optimal control torque that is to be allocated to each RW of the Out of Plane group is given by.
%  = (4-20)
By replacing . from Eq. (4-20) into (4-19), the with minimum absolute value is obtained
as follows:
(4-21)
^ L i m i t_ i \ ^ k
1=1
Note that the sign choice for maximizes the denominator of (4-21), and thus minimizes the result
absolute value. Furthermore, if equal Norm Elements was not chosen as done, at least one element
would have to be bigger than the result in (4-21), leading to no-minimum infinity norm of the group.
This is beeause the sum in (4-19) is fixed by the right hand side of the equation. Also note that for
convenience, the summation in the denominator of (4-21) includes the In Plane members, whose 
contributions are zero, since they are normal to by definition.
Any Out of Plane group, that all its members produce equal norm elements of |X^| aecording to
(4-21) will be denoted here as a "Minimized Out of Plane" group, and the group index k , that 
produces maximum |X^| from all the minimized groups (k  goes from 1 to M  ) will be denoted
here by K  (capital) such that:
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(4-22)
It is thus obvious, that the following inequality is valid for any allocation, because the |X^| is the 
minimal norm element that can exist for the K  group.
= Max\ '^W l '^W 2
Limit _ l '^L im it_2 ’ '^U m it_3 '^U m it_ N
0L23)
This leads to the assumption, that the Leo allocation is the one with the maximum |X^|, and that 
the eontrol norm by the Loo allocation, is thus equal to . Simplified explanation of the above
assumed statement, is suggested here in three steps as follows:
1) It is evident, that Loo allocation, that satisfies Eq. (2-28) on one hand, and minimizes as 
defined in (4-2), on the other hand, always exists when the basic requirement, that at least 
three RWs are aligned with their spin axes in 3 linearly independent directions, is satisfied.
2) Basing on the above, the following is hypothesized: Take Loo allocation solution, and sort its
Norm Elements by magnitude. The spin axes that belong to the last two smallest elements
define a plane. It is now claimed, that the rest biggest elements, must be a Minimized Out of
Plane group. If this is true, then together with (4-23) it proves the statement that the minimal 
value of P^ is equal to jX^^j.
3) The truth of 2) may be proven by elimination as follows: If the previous statement was not 
valid, then it is obvious that Poo, as defined in (4-2), would not be minimized, and thus, the 
definition in step 2, that an Loo allocation is referred is contradicted.
It should be noted, that the above proof does not cover cases where more than two RW axes share 
the same plane, and cases where more than N  - 2  Norm Elements are equal (such that the 
sorting action is not well defined). Full referenee to these cases is out of our scope here, however 
it may be commented that: 1) Cases where more than two RW axes share the same plane do not 
practically exist, because it requires ideal mechanical accuracy. This gap may thus be (also) 
bypassed, by using accurate alignment measurements of the axes directions. ; 2) In cases where 
- 1  Norm Elements are equal, the control vector must stay on a certain plane in the 3D space. 
This plane contains the intersection line between two control envelope surfaces. In this case, two 
Minimized Out of Plane groups are expected to be found among the N  - \  members. In cases 
where N  Norm Elements are equal the control vector stays on a certain line in the 3D space.
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This line goes through an intersection point between three control envelope surfaces. In this case, 
three Minimized Out of Plane groups are expected to be found among the N  members.
The Loo control norm is thus ready to be presented, and is direetly derived from equations (4-21) 
and (4-22) to give the following result:
/ ^
n r
u =
N  \
V. ' Limit ^ i
1=1 
NI 
^2 ^  L^Limitj\n2 V,| 
/ 1=1 U (Leo angular acceleration norm) (4-24)
Note that the above conforms to Eq. (4-8) form.
The Loo torque allocation can be obtained in the calculation process of (4-24) by recording the 
index k and (including its sign as in Eq. (4-21)), that produce the maximum norm element,
and applying Eq. (4-20) to receive the allocation of the Out of Plane members. The In Plane 
members alloeation can then be calculated (in case of two RWs in the plane) by solving a linear 
system, derived from Eq (2-28), that equates the in plane torque requirement, to the sum of the 
two In Plane members that their indexes are denoted I and m as follows:
Tu
[v, v„] = -J  «C - x ^  Y j ^L im it_ i ^ ^ 8 n { r \ l \ i ) y i  (In Plane members) (4-25)
Out o f Plane
The above system may be solved with the left pseudo inverse method.
4.1.3 The Biased Control Envelope
The common normalization process is to divide the control vector by its norm, as in Eq. (4-7), to
receive the maximum possible control in the same direction. However, there may be cases, as in
the next section, where the control is composed of two additive elements, that the first is to be
normalized while the second shouldn't be changed. This second element is denoted here as 'bias'.
The task is thus to find the factor to divide the first element, such that the result norm would be 
equal to the required safety factor . This is illustrated in the following Fig. 4-2:
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Variable - V
Fig. 4-2: Conceptual drawing of the Biased Envelope operator
Mathematically speaking, the Biased Envelope Operation (BEG) of angular acceleration control, 
for a vector u  with bias b and safety factor F  , will be denoted as [u ,b ,F ]^ , and is defined to
be the positive solution that satisfies: 
u
+ b = F (4-26)
Equation (4-8) may be rewritten as follows by replacing the absolute value operation by the two
possible signs of each term: 
Hull =M ax\ u
V
(4-27)
Now accordingly rewrite equation (4-26) as follows :
Maxi b + -u = F
Splitting the above to the component level, using subscript (i), gives:
(4-28)
Max\ Max
i=l:M
= F (4-29)
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Now assume that the above is satisfied with the index i = k .  It can be thus concluded that the 
solution is one of the following two:
Now the choice of the right solution is analyzed in three possible cases as follows:
Case 1: With |S^ (fe)b| < F , and having in mind that by definition 1 > F  > 0 , the denominator of
the two solutions is positive, and thus, the solution with the positive numerator is the only one 
that gives positive result as required.
Case 2: With |S^ (fc)b| = F  (means that the bias coincides or exceeds the control envelope), the
denominator in one of the solutions is positive and is zero in the other. Again, the solution with 
the positive numerator is the only one that gives positive result as required (with possibility of 
solution approaching infinity).
Case 3: With > F  (means that the bias exceeds the control envelope), if and
have the same sign, then both solutions are negative, and thus the BEO has no result. If 
and have opposite signs, then there are two positive solutions, where the one with the
positive numerator is always the smaller one. Since the smaller one is preferred to receive more 
control authority, the solution with the positive numerator is again the choice.
The above discussion is illustrated in the following Fig. 4-3:
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Fig. 4-3: Illustration of the BEO calculation logic
The conclusion from the above discussion is that the solution with the positive numerator in (4- 
30) is always chosen. This result allows to reduce Eq. (4-30) to one solution as follows:
F-S ;gn(s^(j)u )
(4-31)
Now, it will be proven, that k  that maximizes the right hand term in the above equation, is the
one that satisfies equation (4-29), and is thus the sought solution. Rewriting (4-29) with the 
knowledge that only one term with the positive numerator, either or is taken,
gives:
1= ^ &L32)
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For any i ^ k  that goes from 1 to M , the term inside the { } of (4-32) can be equated as 
follows:
= F  (4-33)
Since in the term, |S^(,)u|ypu,b,Fl both the numerator and the denominator are always 
positive as discussed, and since by the suggested selection >|~u,b,F]^^.^, it is
obvious from (4-33) that:
Is Lau
S / g n ( s I , o u ) s ^ ( , ) b + r ; ^  S F  = 5 ,g „ ( s I „ ) u ) s ^ ( . ) b + ^ L ^ 0L34)
Hence, the claim that k that maximizes the right hand term in equation (4-31), is the one that
satisfies equation (4-29) and (4-32), as well as the requirement for positive value, is here proven. 
The solution to |”u,b,F'|  ^ is thus summarized in the following equation (4-35), with the validity
condition (4-36):
[u ,b ,F ]^  =M ax S«(0“
Min<
i=\'M
(F-« 'gn{s^(,)u) S^(,)b
a (i)
Subject to the following validity condition- (4-35)
SL.aU
F-.s/gN(s^(.)u) S[(,.)b
>0 (Validity condition to the BEO) 0L36)
4.1.4 Control Allocation with Power Limited RW
Reviewing Fig. 4-1, reveals that the power limit creates asymmetry in the reaction torque positive
and negative limits. The reason for the asymmetry is that the reaction wheel consumes power
when it accelerates, and releases power when it decelerates. In order to adapt the tools of Control 
Norm and BEO to this asymmetry, the reaction torque is split into bias Tg . and signal ■ as
follows:
r» /, — T1} ; "p T"c' • 'S _ i
Where . is symmetrically limited as defined in the following three equations:
'^UpperLimit_i LowerLimit_i
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_  ^U pperLim it_i ^Low erL im it_i  ^^
'U m it_ i  —  « (4-39)
\T S _ i \ -  Limit _  i (4-40)
According to (4-37), equation (2-28) may now be rewritten as follows:
N  N
“ c (4-41)
i=l i=l
Reviewing equation (4-26), and recalling that ,• is symmetrically limited, it is easily
recognized that the BEO operator can now be directly applied to determine how much the control 
does or does not exceed the limits. For this purpose, the control norm matrix has to be
updated every time step according to the updated limits of each RW (see for example equation
(4-24)). This method is thus denoted here as the Adapting Control Envelope (ACE). Having
calculated and ., the maximum control in the direction of a given vector u can now be
derived from equation (4-26) as follows:
= u  ^ (4-42)
f=i
Note that the superscript ACE' on the BEO operator indicates that the surface vectors matrix 
of Eq. (4-35) is adaptive according to the angular momentum of each RW.
As to the allocation, having the required control, to each RW can be determined according 
to (4-41), in the same methods that is allocated according to (2-28). After determining ., 
the bias . should be added according to (4-37), (4-38) to receive the control command to each
RW.
4.2 The Attitude Control Law
The proposed steering law has a cascaded structure as proposed in [6 ]:
«C - « n  (4-43)
The controller input is the satellite rigid body rotational state {6 ,0)} as related to TF (Target
Frame), that in general rotates at constant angular rate. The output is the control angular
acceleration vector , as defined in Eq (2-28). The other notations are:
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1) is a scalar gain.
2) f(e) represents the desired angular rate to control the angular position. It is referred to as the 
"Braking Curve" that the state shall follow for "safe" arrival to zero. It is a 3D function 
opposite to the direction of 0 , whose magnitude is based on the braking policy as will be 
explained later.
3) ttgg is an additional term to compensate for the rate of change of f(e), as will be further 
explained.
4) a g  is an additional term to compensate for the disturbing elements in the dynamic equation 
as defined in Eq. (2-35).
The term [f(0)—co] in (4-43) may be viewed as the "curve tracking error", whose asymptotic 
stability can be shown as follows:
Replacing in (2-36) with (4-43), and assuming that the disturbance is fully compensated, 
results:
Y t^ ~ ^ F F  (4-44)
As defined, the term is given by:
(4-45)
The closed loop differential equation is thus given as follows :
— [{O-f(0)] = -£y„[«-f(0 )] (4-46)
This indicates a stable tracking dynamics with zero coupling between the three error components 
and three real stable poles at -  co^  each.
As mentioned in the introduction, the controller task is to bring the system state {0 ,0 } to zero
from any initial value inside the angular rate envelope. The principle of the proposed solution is 
based on bringing and stabilizing the system state on the chosen curve w = f(0 ) , where it would
converge to the origin along a constant axis of rotation, decelerating at the maximum safe rate,
that can be provided by the actuators along the rotation axis. By applying this curve, the time 
performance is expected to be closer to the Eigenaxis minimum time solution as the gain O)^  is
increased. Note that by choosing f (a) on the same line as 0 , the system kinematics equation (2-
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22) is reduced to 0 = (o, as long as the curve is tracked. This means that© too is aligned in the 
same direction as 0 , such that the direction of 0 is constant while tracking the curve. It can be 
also added, that when tracking the curve o  = f  (0), it is assured that the satellite rotation is braked
at the safe deceleration rate such that both the angular rate and attitude will reach the zero value 
simultaneously as required.
Further on this section, the controller is built to its details, beginning from the braking curve 
equation, going on with the explicit control equations, and ending with the control saturation 
management.
4.2.1 The Braking Curve f (0)
The Braking Curve f(0) is defined in the 6 dimensional state space of {0,®}. It sets the reference 
3D angular rate as function of the 3D attitude 0 . The direction of f  (0 ) is opposite to 0 and its 
magnitude, to be denoted as is based on the braking policy, which is the link (if any), that
is introduced by design, between the deceleration and the angular rate. It is thus convenient to 
define a scalar function 0  that f  (0 ) may be derived from as follows:
|f(e)l =  ®c.™ = 9  (4-47)
The 3D function, f(0) is obtained by replacing , that is the designed deceleration at zero 
angular rate, according to equation (4-17) by F^^/||0||^ , and replacing 9  with - 0  according to
the direction rule:
^  f(0 )= -< i> ( ||e L /f„ ,F ,0 / | | e | | j 0  (4-48)
^ Curve ^  are chosen to satisfy the following basic single axis motion equation, where 
C urve)  is the designed deceleration reduction, as linked to the angular rate:
Incurve =^Safe-H^Curve)
(4-49)
I  ^  = ^ C u r v e
=> ^  = 0  (4-50)
dcoc.„,
The conventional approach, as in [2], [3], [7-12], is to choose F  = 0 . In this case, the solution of 
(4-50) is obtained as follows: 0  = 0)l^rve/^^safe)- According to (4-47), the 0  function by this
approach results with:
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0  = yp2 (conventional approach ) (4-51)
0  0
Putting this in (4-48), and replacing -------= according to Eq. (4-17), the Braking Curve is
Safe
obtained as follows:
(conventional approach ) (4-52)
However, reviewing Eq. (2-35) reveals that the disturbance may increase with the angular rate,
and thus in the practical application there is a sense to take a non zero F  function that increase
with angular rate as well. One simple possibility for F  function that is chosen here is a linear 
one, where serves as a positive scalar coefficient of proportion:
(4-53)
Replacing this into (4-50) and integrating, results with the following non dimensional equation, 
with the non dimensional variables defined as follows:
F = - ln ( l - f f l ) - f f l  , where S  = {G jas,,,)e}c .„  , 9 s { c l /a ,^ ^ ) d  = G l \m /F ^  (4-54)
The non dimensional variables were chosen to allow a single generic solution for all the 
combinations of and . Unfortunately, Eq. (4-54) can't be explicitly inverted to the form
5 (9 ) and the non dimensional 0  function, that is 0  = = 0 /G ^  , has thus to be
approximated. The suggested approximation here covers the entire input range with 0.05% in the 
angular rate û)[0] and consequently in f(o). The resulting approximated Braking Curve is given
as follows:
f(e)=
- i f
-G ^ 0
4 \
0 : O < 0< 6.4  
:6 A < 0
(Modified
approach) (4-55)
- G ,^ - Y , 0
Where ^  = G ^||0L/F^ , an d -
1.4140, -0.66320, 0.065462, 0.031815, -0.0067189, 0.999495]
The threshold of ^  = 6.4, which is a part of the approximated formula, marks the approximate 
point where the Braking Curve gets 'flat' with 5  close to one according to Eq. (4-54). The
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following Fig. 4-4 demonstrates the modified Braking Curve by a numerical example, where the 
deceleration capability was taken to be equal to 0,005 \rad I s ^'\. It is visible in the figure that 
with high values of , the curve gets flat at lower values of 0 . The angular rate at the flat part 
is obtained by equating the angular rate dependent disturbance to the system's angular 
deceleration capability.
0 . 0 0 5 [ r a r f / j q
0
Fig. 4-4: Numerical example for the modified Braking Curve with varying
4.2.2 The Steering Law Near the State-Space Origin
When applying the control (4-43) with f(0) according to (4-52) or (4-55), the system converges 
near to the origin, down to a point where it loses stability and a limit cycle starts. The reason for 
this is that the 0  function approaches infinity as 0 gets near to zero. Another way to view this
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instability is that the origin is a junction where all the Braking Curves meet. Each perturbation 
AG from the origin would put the state on an appropriate Braking Curve that tracking it would 
result with near maximum acceleration in the A0 direction. This creates a 3D relay effect that 
results with chatter around the origin. It is therefore essential to replace the steering law near the 
origin. In order to do so, explicit equations are developed for the term and for the controller
as whole.
The following is obtained from Eq. (4-45) and (4-52), assuming = 0 :
dt
K f l
2||0|| —0 - 0 —1|0||
v H V 2 lleir'L 1 >1 lia J I Her
(4-56)
In order to be able to take time derivate of ||0||^, Eq. (4-27) is used. The surface vector S^(,)Or 
that produces maximum S (^,)U or , is denoted as Z ^ , where may be equal
either to S^(„)Or to such that as long as it is constant, the following equation will be
valid:
0 = Z l0 (4-57)
It may be expected that Z^ would be piecewise constant over the time, except limited number of
switching occasions. Now the first term in the numerator of (4-56) is split into two equal parts 
and ||0|| is replaced according to (4-57) to get:
«FF = -
2 1 ML I|8|L J '  2 y m i  |e |
By the known identity (ax b )x c  = b(c^a)—a(c^b) the above may be rewritten as follows:
( e x é )x z .
(4-58)
Ct re- — '
0 0
,3/2 (4-59)
By applying (2-22) it is now possible to receive a full explicit expression for , to be included
in the control law (4-43). The expression would contain the state variables 0 and «  and the 
vector Z^ that is dependent on 0 . However it is recommended, for less heavy calculations to 
approximate Eq. (4-45), especially for non zero G ^, by finite difference. Nevertheless, equation
(4-59), and its simplified version (4-60) will be useful to solve the stability problem with 0
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approaching zero. A simplified version of equation (4-59) is obtained by assuming that an 
Eigenaxis Braking Curve is tracked when approaching the origin, such that «  is on the direction 
of 0 and o x 0  = O. By putting 0 from Eq. (2-22) into (4-59), and eliminating all the 
occurrences of «  x 0 , the expression for is reduced to the following:
o x 0 - > O  => a p p = —(ù
2 0
(4-60)
Replacing the results (4-52) for f(e), and (4-60) for into (4-43) results:
 ^ ' F ^= —Û), (Ù
a y
- a , (4-61)
Note that with 0 approaching zero, the above control is not applicable, since its gains reach
infinity. It is therefore necessary to add an equation for the small values of 0 . As mentioned in 
the introduction, when ||0|| approaches zero, the kinematics is reduced to é = (O. This is the
region where the bandwidth constraint is the dominant. According to [13] the following linear 2"  ^
order controller can be applied when ||0|| gets smaller than some threshold:
--<y„[^y„0  + 2 <^ (o] - a ^ Linear zone control (4-62)
The threshold as well as the damping coefficient Ç need now to be discussed. To keep the 
controller cascaded structure, the switching criteria should depend on 0 alone. Comparing the 
angular gains between (4-61) and (4-62) and always choosing the minimum gain produces the 
switching condition between them as follows:
IF
INI > — f- to control by (4-43)Mor z
2F
0|L -  — control  by (4-62)
Equating the angular rate gains of (4-61) and (4-62) gives:
1 +  —
\ 2 0
(4-63)
(4-64)
lia y
When requiring gain continuity at the switching point, by replacing ( according to (4-63) ) 
||0||  ^ = 2F^ / in (4-64), the coefficient ^  results to be equal to 3/4 :
(4-65)
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As Eq, (4-62) serves for near origin control, small angles kinematics, where Eq. (2-22) is reduced 
to 0 = C O , may usually be used. Replacing in Eq. (2-36) with Eq. (4-62) directly leads to the
observation that a stable uncoupled second order system is created in each of the three rotation 
axes of the BF. Once the near origin control stability is verified, the possibility that the system 
will leave the near origin zone (Eq. (4-63)) after getting into it shall be considered, since this may 
result with undesirable regime of many switching from one control to the other. Full security 
fi*om such scenario may be attained by logically letting only one switching per maneuver. This 
precaution is however redundant usually, because in order to get out from the near origin zone, 
the system must overshoot by 1 0 0 %, which normally does not happen in stable systems, or suffer 
from excessive attitude measurement noise.
4.2.3 Control Saturation Management
Usually, the control requirement is expected to exceed the limit in the first stage of the maneuver,
before the Braking Curve tracking error converges. The control saturation management is the
way by which the control is cut to fit the available resources. This chapter selects the preferred
way to do it out of infinite number of possible ways. Viewing the control equation (4-43), it may 
be noticed, that part of the control is proportional to the gain co„ and part of it does not. In order
to preserves the validity of Eq. (4-46) for the Braking Curve tracking error stability, it is chosen 
here to manage the saturation just by decreasing the gain co ,^ without changing the other
components in the control structure (4-43), that by careful design, are not expected to exceed the 
available control resources.
Basing on the general control equation (4-43), and on the control resource equation (4-42), the 
saturation case is defined as follows :
N
T-1'
Saturated^ S a tu ra ted  + « F f  " « D  , ^  oul uicu '
1=1
>1 (4-66)
Note that if the above condition is not valid, there is no saturation and the output control 
would be taken as equal to saturated ^  calculated from Eq. (4-66) or similarly (4-43).
Putting the above result for dsaturated Eq. (4-41) gives the following result to:
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û?„[f(e)-(o] |  + |a ^ ^  - a ^  + = (4-67)
In the above equation the control is split into two parts with the first proportional to the gain co^ ,
and the second is the "bias". The sum of them is subject to the limit of the Adapting Control
Envelope (ACE), that depends on the speed of each RW, as explained in section 4.1.4. By 
applying the ACE operation, the proportion by which co^  must be reduced in order to manage the
saturation is automatically obtained. The result for the saturation case is thus as follows:
f (e ) -o
=■
f(e)-ca , a ^ ^ - a ^ + J , 1
ACE (4-68)
To verify the saturated control stability, the same procedure that led to Eq. (4-46) is followed. 
Replacing in Eq. (2-36) with Eq. (4-68) and assuming that the disturbance is fully
compensated yields:
f(e)- CO
f(0) OJ , ftpp t t j j+ J  , 1
i=l
ACE (4-69)
Using ttpp from Eq. (4-45) yields:
- [ c o - f ( 0 )] = - [c o - f ( 0 )]
f(0 )-co  , a p p - a ^ + J 1
ACE (4-70)
Recalling that the BEO is defined as positive, this indicates asymptotic stability by Lyapunov for 
the curve tracking error [f(0 )-co] , also with the saturated control.
4.2.4 Model Uncertainties
It must be stated that the above developed control is based on some approximated assumptions, 
as is usually done in engineering practice. For example, full compensation for is not realistic
in practice, and so are the assumptions on the satellite structure rigidity, the ideal actuators
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dynamics, the accurate knowledge of the moments of inertia and of the RWs alignments etc. 
These uncertainties have to be accounted in choosing the control parameters such as CD^, F^,
, and the system sensitivity to them should be analyzed or simulated in each specific case 
when coming to apply this control method.
Usually the assumptions are justifiable when the error is orders of magnitude smaller than the
nominal value. For example, ideal actuators dynamics may be assumed, when the RW response 
time is more than 10  times smaller than the control time constant l/<y„ .
Referring to the disturbance acceleration as given in Eq. (2-35), it can be noted that most 
parts of it, except for the external torque Tg, depend on the control inputs, on the satellite state, 
and on the matrix of inertia. Usually, these variables and parameters can be measured or 
estimated or calibrated in orbit with high precision. The external torque however, may include an 
aerodynamic component, which is very hard to anticipate. Fortunately its total value in orbits 
above 400km or 500km is usually negligible compared to the control capability.
Lastly it can be stated that simulation results in [6 ] showed good robustness of the Braking Curve 
tracking control to quite significant uncertainties in the matrix of inertia.
4.3 Simulation Results
Simulated closed loop angular maneuvers are presented and analyzed in this section to 
demonstrate the validity of the analytically developed tools of the previous sections. The 'Loo' 
control allocation method is applied in all the examples. Two examples of RW characteristics are 
treated: The first is with angular rate limit alone, and the second combines power consumption 
limit as well.
4.3.1 The Simulation
The simulation that is used realizes in finite time step the following three coupled elements: 1) 
Satellite Dynamics and Kinematics which is realized according to the equations of motion of 
rigid satellite with reaction wheels as presented in Section 2 ; 2) The control law as presented in 
Section 4.2 ; 3) The torque command allocation by Loo method as defined in section 4.1. The
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selected common parameters for the examples as given in the following table are supposed to 
represent a typical mini-satellite whose mass is about 2 0 0 .
Table 4-1 : The simulated system parameters _________________________ _______
Parameter name Parameter meaning Parameter value
N  Number of Reaction Wheels on board.
[^1, V2 , V3, V4 ,] RW alignment matrix r - 0.480 +0.480 +0.480 -0 .4 8 0 )  
-0 .8 3 2  -0 .8 3 2  +0.832 +0.832  
+ 0.277 + 0.277 + 0.277 + 0.277
^  BasicLimit
h'BasicU m it
P
•' Lim it
F
Satellite inertia matrix
Moment of inertia along the spin axis 
of each of the RWs.
Torque limit for each of the RWs at 
angular rates below the power limit is 
reached.
Angular momentum limit for each of 
the RWs
Power consumption limit for each of 
the RWs
Control loop sampling time.
Control gain
Ratio between the "safe" acceleration 
to maximum acceleration.
"Safe" deceleration reduction amount 
for a unit angular rate increment.
7^0 0 0 )
0 90 0
0 0 120
[kg-m^2 ]
0.025 [kg-m^2]
0.5 [N-m]
5.[N-m-sec]
70.[Watt]
0.1 [Sec]
2.5 [Rad/Sec]
0.95
In the first four scenarios: G„ = 0 • 
in the fifth scenario: g  = 0.02
Above the nominal torque limit TsasicUmit of each RW, two more limits are assumed: I) Angular 
momentum limit. ; 2) Power consumption limit.
Angular momentum limit is applied by decreasing the available torque near the angular 
momentum limit with slope equal to —0.5/7^ for stable response:
' UpperLimitSpeed
' LowerLimitSpeed
{hy^ i ) '^^ {f^ BasicLimit ^ i  ) / ^
{ ^ i  ) “  0.5(— ~  ^ i  ) /^ 5
Power consumption model is assumed to be the product of speed and torque-
Pconsum ed = K i ^ w i l J w  ’ «uch that:
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'^U p p e r U m itP o w e r^ J h /i)  ~  ^ L i m i t ^ W  ^  ^
^Low erL im itP ow er  ( ^ j  )  “  ^ U m i t  ^  ^  ^
The combined limits are calculated as follows (see Fig. 4-1):
UpperLimitSpeed ^ '^U pperL im itP ow e i^  ^  ^ L i m i t '^ W  I '^ B a s ic U m it
'^B asicU m it ^ i  ~  ^ U m i t '^ W  I B a s i c U m i t
Low erL im itSpeed '^ '^L ow erL im itP ow er\ ^  ^ L i m i t '^ W  I B a s i c L i m i t
~ ^ B a s ic L im i t  ^ i  ~  ~  ^ L im i t" ^ W  I I
'^U pperLim it ^Jh v i )
' LowerLimit ( V /)~
' BasicU m it
4.3.2 The Performance Criteria
The criterions for performance judgment of the simulated maneuvers are mainly the following: 1) 
The controller should abide to the RW torque, angular momentum and power consumption limits 
; 2) The maneuver time for rest to rest and zero momentum bias case should be close to time 
optimal eigen-axis rotation as much as the system bandwidth and parameters uncertainty allows ;
3) The deceleration phase of the maneuver, where the Braking Curve is tracked, should be free of 
control saturation and free of chatter.
4.3.3 Simulated Scenarios Summary
Three scenarios are presented in this section. In the first and second the RWs are limited in torque 
and angular momentum only. The results demonstrate the efficiency of the Adaptive Control 
Envelope (ACE) near the angular momentum limit in protecting the RWs from exceeding the 
limits, together with extracting their full capability. When the first RW reaches the angular 
momentum limit, the system continue to function with actually 3 RWs. In the third scenario, the 
power limit is introduced as well, and again the results demonstrate that on one hand the limits 
are not exceeded and on the other hand the control resources are fully exploited on the system 
level.
All plots describe one attitude maneuver. The following data is plotted on a time scale: 1)
Satellite Body Frame (BF) Euler vector relative to Target Frame (TF) ; 2) Satellite Body Frame
(BF) angular rate vector relative to Target Frame (TF) termed in BF ; 3) Torque command of
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each of 4 RWs to validate the full exploitation of torque capability. When maximum torque is 
required, at least two RWs simultaneously are close to the torque limit ; 4) Angular momentum 
of each of 4 RWs to validate the full exploitation of the angular rate capability. When maximum 
angular rate is required, at least two RWs simultaneously are close to the angular momentum 
limit. 5) In the last case, power consumption for each RW is plotted too.
Summary of the run scenarios is presented in the following table.
Table 4-2: Simulation Cases
Scenario
Number
Figure
Number Run details
1 4-5 Typical rest to rest maneuver with angular rate limit encountered. 
Power limit is not introduced.
2 4-6 Maneuver with non optimal initial angular momentum distribution. 
Power limit is not introduced.
3 4-7 Typical rest to rest maneuver with power and angular rate limit 
encountered.
3 4-8 Power consumption time plot for the third scenario.
4 4-9 Momentum biased satellite maneuver - conventional Braking Curve. 
No power limit.
5 4-10 Momentum biased satellite maneuver - modified Braking Curve. No 
power limit.
4.3.4 Typical Rest to Rest Maneuver with Angular Rate Limit Encountered
The following Fig. 4-5 presents a rest to rest maneuver along a tilted axis that involves the X, Y 
and Z axes together. This maneuver as well as all the other maneuvers that are created by these 
controllers consists of three stages as follows (see also writing on the right top plot of the figure):
1) The convergence to the Braking Curve -  In this stage the control torque is in saturation, which 
means that at least two RWs (typical to Loo control allocation) are on the limit torque that is 
possible according to their angular rate ; 2) Braking Curve tracking -  In this stage the Braking 
Curve, that dictates an Eigenaxis time optimal rotation with safe angular deceleration, is tracked. 
The control torque in this stage is normally not saturated, since the design is for safe angular 
deceleration ; 3) Linear control -  After convergence of the system state near to the origin, the 
bandwidth limit becomes the major constraint, and the system is linearly controlled with constant 
gains.
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Fig. 4-5; Typical rest to rest maneuver with angular rate limit encountered
The trapezoid or triangle shape (triangle results when the angular rate limit is not reached) of the 
angular rate profiles, as well as the control torque saturation at the first stage and the near 
saturation at the second stage, are the evidence for eigen-axis time optimal maneuver. The round 
(un-sharp) comers of that angular rate profile result from the system bandwidth limit. Referring 
to the performance criteria of paragraph V-B, according to the above discussion, all the three are 
obviously satisfied.
4.3.5 Maneuver with Non Optimal Initial Momentum Distribution
The same scenario of the previous chapter is repeated with non zero initial reaction wheels 
momentum, but keeping the same total momentum. The function of the ACE is more obvious in 
this case, because the second RW reaches the speed limit first, and then its torque is nullified, 
while the remaining 3 RWs continue to function in full torque until RW number 1 reaches the
Backwards Planning Approach for Rapid
Attitude M aneuvers Steering
6 0 D ov Verbin
speed limit too. At this point the satellite continues to rotate in constant angular rate until the 
brake point is reached and deceleration starts.
-10
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Time [Sec]
Time [Sec]
IT 1
L
I
u: -1
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6
+  RW#1 
A  RW#2 
X Rwm 
O RW#4¥
É 2z
“  -4
-B0 5 10 15 20 25 30
Time [Sec]
Fig. 4-6: Maneuver with non optimal initial momentum distribution
4.3.6 Rest to Rest Maneuver with Power Consumption Limit Encountered
Here the first scenario is repeated with the introduction of the 70Watt power consumption limit. 
In the reaction wheel torque plot, the torque reduction in the saturated phase before reaching the 
limit angular momentum can be identified, while the effect on the maneuver time is insignificant 
in this case. Again two RWs share the maximum load as expected with the 'Loo' control allocation 
method. The power plot in Fig. 4-8 demonstrate the effectiveness of the power consumption 
protection. As expected, it shows that the negative consumptions during braking are not limited 
and reach values below -BO.Watts. The accommodation for RW non symmetric operational 
envelope is thus clearly demonstrated in this scenario.
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Fig. 4-7: Rest to rest maneuver with power consumption limit
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Fig. 4-8: Power consumption plot for the third scenario
4.3.7 Momentum Biased Satellite Maneuver with Modified Braking Curve
The following two scenarios that are presented in Fig. 4-9 and Fig. 4-10 demonstrate the
effectiveness of choosing modified Braking Curve. Both scenarios are with identical physical 
parameters, but the controller of the first applies the conventional Braking Curve - = 0,  while
the other applies a modified one with = 0.02. According to equation (2-35), the momentum
bias cause an angular rate dependent disturbance that is effectively accommodated by introducing 
the G^ factor to modify the Braking Curve as in equation (4-55). It may be recognized in Fig. 4-
9, that the conventional Braking Curve cannot be tracked in the momentum biased case, which 
leads to an overshoot reaction and RW torque saturation during the curve tracking stage (see 
curve tracking in Fig. 4-5). The maneuver time of this scenario is 30.7 seconds. On the other 
hand in Fig. 4-10, the modified Braking Curve is perfectly tracked without any saturation, and the 
maneuver time is 26.9 seconds, that is 3.8 seconds shorter (=12%).
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Fig. 4-9: Maneuver with momentum bias - conventional Braking Curve controller - 0 ^ = 0
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Fig. 4-10: Maneuver with momentum bias - modified Braking Curve controller - G^ =  0.02
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Chapter 5 
SGCMG Control
This section extends the efficient controller development from RW to Single Gimbaled CMG 
(SGCMG) with similar concepts of Braking Curve and control resources modeling. In order to 
demonstrate the concepts apphcability, the work concentrates on a specific SGCMG 
configuration that is easier to analyze, which is the Two Scissor Pairs configuration. This 
configuration has been introduced in [27], where it was called “4-FACS”. Reference [23] also 
develops steering laws with this configuration and calls it "2-SPEED", which means: Two 
Scissor Pair Ensemble, Explicit (Momentum) Distribution. It is the "Explicit Distribution" of the 
angular momentum that makes this configuration attractive for demonstrating the Phase Space 
Braking Curve Tracking Control scheme as presented in Fig 3. As illustrated in Fig. 5-1, the four 
SGCMGs are configured in two scissor pairs. In the non skewed version that is chosen (see [23]), 
the first pair gimbals axes are along the Z axis and their angular momentum is in the X-Y plane. 
The second pair gimbals axes are along the Y axis and their angular momentum is in the X-Z 
plane. The 2-SPEED configuration can be regarded as a special case of the square pyramid 
configuration family with the tilt angle equals to ;r /2 .
5.1 Control Capability and Allocation
5.1.1 Angular Momentum Capability Modeling
The control capability modeling is required for the efficient control law to generate the braking 
curve that is based on a conservative assessment of the available braking capability in the 
maneuver direction. In our case the control is the angular momentum that is generated by the 
SGCMG system. The "control norm" function, that has been introduced in section 4.1.1 is 
applied to represent the system 3D control capability. It is defined as the proportion between the
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Fig. 5-1: The 2-SPEED SGCMG configuration
required control and the available control in the specified direction. Following section 4.1.1, the 
angular momentum norm ||u||^ is defined in the following equation, where u  represents a 
general 3D vector and is the maximum available angular momentum in the direction of
u :
„ Hull
(5-1)
The maximum control that can be obtained in a given direction is one point of the bounding 
envelope surface. All those points create the angular momentum bounding envelope. With given
angular momentum command vector U = [ Ux,  Uy, Uz f ,  the appropriate point on the bounding 
envelope is expected to be: i /^ ^ ( u )  = U(l/m ), w here'm ' is a positive scalar to be found, that 
represents the Angular Momentum Norm of the given vector: m = ||U||^ . Viewing Fig. 5-1, it can
be noted that the combined angular momentum of each pair can be defined by magnitude and 
direction. The magnitude is limited by and the direction is defined by one angle in the
range (-;r,:;r].
In order to find the value of m for a given U, a case where |[/y| > It/^l is discussed firstly, and 
then the result is generalized to both possibilities. Referring to the case where |[/y| the
normalization of U by the norm m can lead to two possible results:
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(first case) (5-2)
Where the pair X-Y would supply zero X component and maximum Y component.
|[/y I/m < (second case) (5-3)
Where the pair X-Y would supply non zero X component.
The condition for the first case is that the angular momentum for the X-Z pair is less or equal
+ (5-4)
The value of m for this case is taken from Eq. (5-2):
m = \Uy\l{2H^) (5-5)
Replacing this into Eq. (5-4) gives:
(5-6)
The above equations (5-5) and (5-6) are subject to the assumption that jf/yj > . In order to
generalize those equations, |t /y | is substituted with Max|t/yj,jC/2 j} is substituted with
M m|(7 y|,|l/2 |}» to receive the following general results, where one of the pairs is normal to the X
axis.
Subject to the following condition
V l < \ u i - u l \  (5-8)
When condition (5-8) is not satisfied, both |f/j-|/m and [(/gl/m would be smaller than 2 H ^ . The
maximum angular momentum in the given direction U is reached here with both pairs in 
maximum magnitude. The norm m in this case can be derived from the following equation that is 
based on the Pythagoras theorem for the two pairs:
\ ( n  r r  \ 2  ( U
m V m
(5-9)
The above equation can be solved f o r 'm ' , to give the following result:
^ ( u l + U ^ y + u l f - 4 U p
^
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To conclude this section, the complete form for the Angular Momentum Norm is summarized 
from equations (5-7), (5-8) and (5-10) as follows:
M a x \u ,\\U ^^
P L  =
2H,
A H ^ p ,
where
(5-11)
The following Fig. 5-2 shows the resulting angular momentum bounding envelope in two views. 
Each unit in the plot is equal to the angular momentum of one wheel -  Hw.
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Fig. 5-2: Angular momentum bounding envelope
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5.1.2 Angular Rate Capability Modeling
Combining Eq. (2-38) and (2-30) and assuming that no reaction wheels exist in the system, gives 
after rearrangement:
I f  1
-Je» l + l  1 =  (5-12)
, where
J is the satellite 3x3 inertia matrix when all RW are free to rotate around their axes 
CO is the angular rate of BE relative to TF, as termed in the BF
H g  is  th e  com bined satellite angular momentum together with RW s and SGCM Gs rotors about center o f  mass, 
as termed in the BF
CD^ "^  is the angular rate of the Target Frame relative to the Inertial Frame, as termed in the Body 
Frame
^CMG is the number of SGCMGs mounted on the satellite 
V. is a unit vector in the direction of the i“* SGCMG momentum axis, 
is the SGCMG rotor angular momentum along its rotation axis
This indicates that the momentum bias term: < -  J(D«  ^ > has to be taken into account when
coming to compute the available angular rate m relative to the Target Frame. The right hand side
of Eq. (5-12) is the combined SGCMGs angular momentum that is bound according to Eq. (5-
11). The available angular rate, denoted by (O^  has thus to satisfy:
J m A  + l  J w r  - H ! = F„ (5-13)
Note that the above equation is very similar to the BEO operation as defined in Eq. (4-26) with 
the bias vector defined by:
(5-14)
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We should note however, that in this case the norm equation is non linear and the solution is thus 
numerical. The chosen solution for this research is composed of 5 "Lion in the desert" iterations 
and one last "Secant" method cycle.
This Biased Envelope Operator of the angular rate capability is denoted similarly to the BEO 
operator in RWs as given by Eq. (4-26). Mathematically, for a vector u , matrix of inertia J , bias 
b and safety factor will be denoted as |~Ju,b,F^] ,^ and is defined to be the positive
solution that satisfies:
= F'h (5-15)
Where (u), which is the available angular rate in the direction of u , is given by:
The validity condition for this operation is that the bias would not exceed the SGCMG system 
angular momentum capability, which means:
||b||^  < Fjj Validity condition (5-17)
5.1.3 Basic Angular Momentum Allocation
The angular momentum allocation role is to assign angles to each gimbal, such to provide the 
required angular momentum for the system. The following notations are used for this purpose:
U _ 3-D vector of the required angular momentum in BF that satisfies: ||U||^ < 1.
^x-Y = Angular momentum magnitude of the X-Y SGCMG pair [N m s].
y  X-Y = Angular momenrnm direction of the X-Y SGCMG pair, measured from the Y 
axis towards +X [rad].
^x-z = Angular momentum magnitude of the X-Z SGCMG pair [N m s].
y  X - Z  = Angular momentum direction of the X-Z SGCMG pair, measured from the Z axis
towards +X [rad].
The allocation is developed in two versions: The basic allocation, that is derived from the 
maximum allocation that was discussed in the previous section, just by equally factoring the
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magnitude of each pair without changing its direction ; The modified allocation, to be discussed 
in section 5.4.2 uses the basic allocation and adds deflections towards the +X for one pair and 
towards the -X  for the other pair, in order to avoid torque singularity at zero momentum.
The basic allocation is derived from the maximum allocation that was discussed in the previous 
section, just by equally factoring the momentum magnitudes of each pair without changing their 
directions. This method provides the most rapid path from maximum momentum to zero, and 
shall be applied for a minimum time braking of a rotational maneuver around a fixed Eigenaxis. 
This principle is translated into the following explicit distribution equation, where U is the 
required angular momentum, and the result in the left hand term is the angular momentum
magnitude and direction of each scissor pair:
r \
V A
\hx_Y
y  X-Y
^X-Z
K.y X-Z
0 for U y> 0  
n  for  Uy <0
ArcTan^iU X z \
M + U y  
ArcTan^iffX y )
P z \
0 for  f/z > 0 
7T for Ux <0
^ l{u j+ U }+ U ^A -4 U }U ^ ,
2 |f /, |
ArcCosifJ y I hx_y) for  >0  
-ArcCos(Uylhx_y) for Ux <0
+ u f + u i y - 4 U } U l
where Ux <Uy -  Ul
where U^ <Ul -U y
2\U,
ArcCos(Uxlhx_z) for  >0  
-A rcC o s(jJ zlh x -z)  fa r  Ux <0
where U x >\ U y - Uz \
(5-18)
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5.1.4 Gimbals Angles Allocation
Note that in both allocation methods, an ambiguity is left about the direction of each pair member 
that can replace each other while keeping the same combined angular momentum. The actual 
angle choice for each pair member shall thus be done by taking into account their current 
positions and minimizing the maximum difference between the current position and the required 
one. The gimbals angular reference commands for each SGCMG is thus obtained from Eq. 
(5-18) products by the following Eq. (5-19), where Sx_y’^x-z ——1, are signs that are chosen to 
receive minimum on the maximum rotation from the four gimbals with respect to their actual
positions at the given time:
y  X - Y  ^ X - Y  '
X-Y
IH
y  X-Y 'X-Y •COS 2H w
y  X-Z ~^^x-z 'COS
y  X-Z ~^x-z  ’COS
X-Z
•-X-Z
2H
(5-19)
w )}
5.1.5 Steering Laws and Control Structure
Steering laws as known from literature were discussed in section 3.5. An alternative steering law 
in the gimbal angles domain is demonstrated in this research. In this method (see Fig. 5-3) the 
angular rate requirement in the cascaded control logic is translated to angular momentum 
requirement (rather than torque requirement) from the SGCMG system. A predefined 
mathematical function (or possibly a tabulated function) is used to fit gimbal angles to the 
angular momentum requirement. The gimbals angular rates are then calculated in proportion to 
the error between the wanted angles and the actually measured ones.
It is shown that both steering laws turn to be equivalent in small control signals (as in the steady 
state), but when the required angular momentum change is big, as in the acceleration phase of a 
maneuver, the steering in the gimbal angles domain has an advantage in driving the SGCMG 
system straightly to the required position without having to consider singularities.
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The known Braking Curve Tracking methods suggest a cascaded control structure as depicted in 
Fig. 2-3. As mentioned, a different type of steering is applied here, mainly to bypass the 
singularity problem. The complete loop structure with this kind of steering is presented in the 
following Fig. 5-3:
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Fig. 5-3: Proposed Braking Curve control structure with SGCMG
In the alternative structure, the inner loop control is done on the SGCMG gimbals angles rather 
than the S/C angular rate. The torque translation to gimbals rates is thus replaced with angular 
momentum translation to gimbals angles. Additional benefits of this structure are:
1. The low-pass filter on the total angular momentum does not affect the loop stability, because 
it filters a theoretically constant vector. It thus allows to filter out S/C structural modes 
vibrations that may destabilize the system, and angular rate measurement noise. A lower 
angular rate signal quality can thus be tolerated in this scheme.
2. According to [28], the initial gimbals angles before the maneuver are a common reason for 
an internal singularity trap with steering laws that are based on Fig. 2-3 structure. With Fig. 
5-3 scheme however, the SGCMG system is aimed to the braking start point which they 
reach in the shortest path in the gimbals angles (' ô ') domain, rather than in the angular
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momentum domain. This bypasses any possible internal singularity obstacle during the 
maneuver acceleration stage up to the system angular momentum limit. Yet, it should be 
noted that in this way an Eigenaxis motion is not kept during the acceleration stage unlike 
the maneuvers in [28].
In spite of the significant mentioned differences between the schemes of Fig. 2-3 and Fig. 5-3, 
they are dynamically equivalent, as may be expected, in the steady state where the angular rate 
errors are small. This can be shown as follows:
Assuming a linear controller with equal gain both for the angular rate in Fig. 2-3 and for the 
gimbals angles in Fig. 5-3, the control equation according to Fig. 2-3 is:
T = g j (o c - c o )  (5-20)
Where t  is the torque to activate, g is the loop bandwidth, J  is the satellite matrix of inertia, 
(Og is the commanded angular rate as output from the Braking Curve and a  is the actually
estimated angular rate of the satellite.
The control equation according to Fig. 5-3 is:
^ = (5-21)
where Ô is the commanded rate for the gimbals motion, ôjj is the commanded gimbals angles 
array and Ô is the actual gimbals angles array.
We now multiply both sided of the above equation by the Jacobian A = — H g^g(ô), where
dS
C^MG
H cmg(w = replace according to Eq. (3.3) of [28] Aô with ( -x )  to get:
1=1
T = g A (ô -6 „ )  (5-22)
In the above equation it is assumed that the system is in steady state, such that the error is close to 
zero: Ô -> 0 , and thus:
A(ô —0jj) = (5-23)
, where ( ) is the angular momentum of the CMG system with given gimbals angles array.
Yet, according to Fig. 5-3, the commanded CMG angles must satisfy:
^ cmg(^r ) “  J® (5-24)
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Replacing this into the right hand side of Eq. (5-23) and then to (5-22) gives:
T = g j ( o c - ® )  (5-25)
This is exactly identical to Eq. (5-20), and thus proves the equivalence claim between the two 
schemes in steady state.
5.2 Ideal Case Control
This section introduces a pure SGCMG control for an ideal case where the total angular
momentum is zero and the Target Frame angular rate is zero. The approach follows [6] and
chapter 4 of this thesis in modeling the control capability and in the Braking Curve generation. 
The solution is demonstrated on the Two Scissor Pairs configuration. This section is only the first 
step that lays the foundation for the more general solution to be completed in section 5.4 and.
5.2.1 Braking Curve Shaping
Following section 4.2.1, the Braking Curve f(0) is defined in the 6 dimensional state space: 
{8,0)}. It sets the reference 3D angular rate O)^  as function of the 3D attitude 0 , that is the 
satellite Euler vector related to the Target Frame (TF). The direction of f  (0 ) is opposite to 0 
along the eigen-axis, and its magnitude is based on the Eigenaxis braking policy, which is the 
link, that is introduced by design, between the deceleration and the state.
As was done in the RW control ( Eq. (4-47) ), it is convenient to define a scalar Eigenaxis
Braking Curve function 0 (^ )  whose link to is:
0)^ = f(0 ) = - 0  0(6') (5-26)
In the process of the Braking Curve shaping a case with zero angular momentum bias and zero 
Target Frame rotation, where the SGCMGs angular momentum at the end of the maneuver is 
zero, would be referred. These variables of angular momentum bias and Target Frame rotation 
rate are normally changing from one maneuver to another, so they must be treated by taking 
some safety margin on the SGCMGs performance, to account for their additional load. 
According to Eq. (5-12), the angular rate in this case is proportional to the SGCMGs angular 
momentum as follows:
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(0„ =
CO =  -J  '  (Ideal case relations) (5-27)
1=1
Going back to Eq. (5-18) it should be recalled that the basic allocation is derived from the
maximum allocation, just by equally factoring the angular momentum magnitude of each pair
without changing their direction. Since the angular momentum of a Scissor Pair is a cosine
function of their angle ( Eq. (5-19) ), assuming that the gimbals are rotated in their maximum safe 
rate (that is a little smaller than such that ) yields:
®mJ 6 ) cos(4„/. t) :
(5-28)
" S^afe  ^^  ^
Where 6)Max(G) is the maximum achievable angular rate in the direction of 0 .
Î
Integrating Eq. (5-28) according to 0 {i)-6 (p )=  , with time in the interval
r=0
0<Sg^yJ <7t /2 ,  and requiring 0(t) = O for / = in the maneuver end, yields the
following Eigenaxis relation:
= - l  + sin(^,/, t) j  : 0<0s,fJ<7Tl2 (5-29)
^ S a fe  ^  ^
The reason for the negative sign in the above equation is that 0  is defined as ||0||^, and shall be 
positive.
Replacing cos(i^^^ t)= .J l-s in ^ (^ ^ ^  t) in Eq. (5-28) and putting there the f j as
extracted from Eq. (5-29) yields the scalar Eigenaxis braking curve function 0  as follows:
0  1< —
^ S a fe  (5-30)
^ S a fe
Geometrically, this Braking Curve consists of a circular arc and a tangent horizontal line as 
illustrated in Fig. 5-4:
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Fig. 5-4: The Braking Curve shape with the 2-SPEED configuration
From equation (5-27), the following linear link between the SGCMGs angular momentum and
the satellite angular rate, under the assumption of zero angular momentum and zero TF rate, is 
obtained: J o  = . The maximum angular rate in the direction of 0 is thus derived from the
maximum angular momentum in the direction of J0  that is attained from Eq. (5-1) as follows:
(0, Û?. (0) = j e
(5-31)
Eq. (5-31) can be verified by applying the angular momentum norm on Jo^„^(0), and showing 
that the result is one, which means maximum angular momentum:
I|J(0. « = |je  = iy iM „ J0|L =i
In practice some control margin should be taken, such that not the full available angular 
momentum is taken by design. Eq. (5-31) is thus modified to include a safety factor that is
smaller than one:
Û) (5-32)
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Using Eq. (5-32) and replacing with 6)^^ in Eq. (5-30), and then replacing the result into 
Eq. (5-26), yields the following Braking Curve equation, where | ||^ is the SGCMG system
momentum norm as given in Eq. (5-11):
o ,
: WL < f -
IrnW S^afe (5-33)
In this ideal case, the of Eq. (5-33) is translated into angular momentum command for the 
SGCMG system according to Eq. (5-27) that gives:
U = — J  f  (0 ) Ideal case SGCMGs angular momentum requirement (5-34)
5.2.2 Coordinated Gimbals Angles Control
The control logic as shown in Fig. 5-3 includes the following steps:
1. The reference angular rate 0 ^ is calculated from Eq. (5-33).
2. cOjj is translated into SGCMGs angular momentum according to equation (5-34)
3. The gimbals reference angles 0^ are computed according to Eq. (5-18) and Eq. (5-19).
These three steps define the Phase Space Braking Curve: 0^ = 0jj(0). It is assumed that the 
gimbals respond to angular control commands and angular rate control commands {Sc’^c} that
are generated by the satellite attitude controller to be tracked by the gimbals servo systems. 
Actually we could simply set {ôc’^c}~  let the servo controllers of each SCCMG
close the loop in the fastest way. This non-coordinated option is illustrated in the following Fig. 
5-5 with the dotted line. The figure shows two components of the Ô vector responding to a given 
ô jj. With this option all the servo systems rotate in their maximum angular rate and then stop and
wait for the gimbal with the longest path to complete its motion. The second option that appears 
in the figure is to coordinate the gimbals, such that all of them would complete the motion 
simultaneously. This motion is normally more energy economic and also improves the control 
smoothness.
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Fig. 5-5: The Coordinated vs. Non-Coordinated gimbals motion
For the coordinated gimbals motion the transfer function from to is defined as
follows to provide rate limiting as well as accurate tracking and coordinated motion of the four 
gimbals:
(5-35)
where co^  is a scalar positive gain and m is equal to one in the non saturated case, and is chosen 
between zero to one in the case of saturation, to satisfy: ||ôg|| shall be initiated
according to the initial gimbals angles Ô as measured in the mission start. This scheme
asymptotic stability can be proved just by changing places in Eq. (5-35) to get: 
— 0(,) = — whi ch means that the Phase Space Braking Curve 0 r (o) is
expected to be reached and accurately tracked. Note that Eq. (5-35) uses the input 0^ as well as
ô jj. Although the explicit derivation of 0r (G,C()) is possible, it is usually preferred for simplicity
reasons, to approximate it by finite backwards difference as follows:
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8 r, » - 1 8 K ( e , ) - ô J e „ )  / r . (5-36)
, where is the control sampling period. Following the above discussion, the full gimbals 
control logic is illustrated in Fig. 5-6, and defined in the following Eq. (5-37):
^Ns +(^R ~ ^ c ) ‘^ 7i ( the Non Saturated control)
'NS • r  NS .  -  ^ M a x
X _ J ôR+( ôR- ôc) - m- û?„  :||ôns|| > S , 0 < m < l  shall satisfy :\\àJ
"  r*  —  1 M iico II lioo
Ôr iif^f : I f  there is no 0 < m < l  that :|lôr|| = S.
(5-37)
Gimbal #1 
Mechanism 
Dynamics
Gimbal #2 
Mechanism 
Dynamics
Gimbal #3 
Mechanism
Dynamics
^.....................
Gimbal #4 
Mechanism 
Dynamics
Fig. 5-6: SGCMG gimbals angular control scheme
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5.3 Ideal Case Simulation Results
The ideal case assumes zero bias angular momentum, such that both SGCMG pairs momentum 
can go to zero on a straight path, just as the Braking Curve is designed, when the satellite 
performs the Eigenaxis braking. For this reason the ideal case control applies the basic angular 
momentum allocation method rather than the modified one. It is also expected that the steady 
state control after the maneuver would be jumpy for two reasons:
1) The situation with both pairs in zero momentum is singular.
2) As explained in the previous chapter, the Braking curve cannot be stably tracked up to the 
state-space origin because the bandwidth limit, and a proportional control must be applied 
near the origin.
5.3.1 The Simulation
The simulation that is used realizes in finite time step the following three coupled elements:
1) Satellite Dynamics and Kinematics which is realized according to the equations of motion of 
rigid satellite with SGCMG as presented in Chapter 2.
2) The control law as presented in Section 5.2.
3) The control allocation and the gimbals coordination as defined in sections 4.1 and 4.2.
The selected common parameters for the examples are given in the following table:
Table 5-1: The simulated system parameters
Parameter name Parameter meaning Parameter value
Max
-w
F
Satellite inertia matrix
Rate limit for each of the SGCMG.
Angular momentum of each of the SGCMG 
Control loop sampling time.
Control gain
Ratio between the "safe" to maximum 0.95
70 0 O ' 
0 90 0
0 0 120
[kg-m ]
0.2 [rad/s] , 1.0 [rad/s] 
5.[N-m-s]
0.1 [s]
2.5 [rad/s]
SGCMG rate: = 4 / 7 4 Max ■
Ratio between the "safe" to maximum 0.95 
angular momentum of the SGCMGs.
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5.3.2 The Performance Criteria
The enterions for performance judgment of the simulated maneuvers are mainly the following:
1) The controller should abide to the SGCMG rate limit.
2) The maneuver time for rest to rest and zero momentum bias case should be close to time 
optimal eigen-axis rotation as much as the system bandwidth, the parameters uncertainty and 
the gimbals initial positions allow.
3) The deceleration phase of the maneuver, where the Braking Curve is tracked, should be free 
of control saturation and free of chatter.
5.3.3 Simulated Scenarios Summary
Two scenarios are presented in this section. Both are cases with zero angular momentum bias and
zero end angular rate. In the first, the gimbal is relatively slow, and the satellite angular rate limit
is thus not reached. In the second scenario the satelhte angular rate limit is reached
The plots describe one attitude maneuver. The following data is plotted on a time scale:
1) Satellite Body Frame (BF) Euler vector relative to Target Frame (TF).
2) Satellite Body Frame (BF) angular rate vector relative to Target Frame (TF) termed in BF.
3) Angular rate of each of 4 SGCMGs to validate the full exploitation of the control capability. 
When maximum rate is required, at least one SGCMG is close to the limit.
4) Angular momentum of each pair of two SGCMGs to validate the full exploitation of the 
angular rate capability.
Summary of the run scenarios is presented in the following table.
Table 5-2: Simulation Cases
Scenario
Number
Figure
Number
Run details
1 5-7 Typical rest to rest maneuver with 0.2 rad/s gimbals rate limit. 
Typical rest to rest maneuver with 1.0 rad/s gimbals rate limit
2 5-8 Time plot
2 5-9 Pairs angular momentum plot
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5.3.4 Rest to Rest Maneuver Not Encountering the Angular Rate Limit
The following Fig. 5-7 presents a rest to rest maneuver along a tilted axis that involves the X, Y 
and Z axes together. This maneuver consists of three stages as follows:
1) The convergence to the Braking Curve -  In this stage the control rate is in saturation, which 
means that one SGCMG is on the limit.
2) Braking Curve tracking -  In this stage the Braking Curve, that dictates an Eigenaxis time 
optimal rotation with safe angular deceleration, is tracked. The control torque in this stage is 
normally not saturated, since the design is for safe angular deceleration.
3) Linear control -  After convergence of the system state near to the origin, the bandwidth limit 
becomes the major constraint. This stage is missing in this "Ideal Case" design, and this is the 
reason for the 'jumpy' control behavior in the steady state.
The control rate saturation at the first stage and the near saturation at the second stage, are the 
evidence for eigen-axis time optimal maneuver. The round (un-sharp) comers of that angular rate 
profile result from the system bandwidth limit.
9
15
Bafumfêd wntml
Fig. 5-7: Ideal case control tvpical maneuver with zero angular momentum bias
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5.3.5 Rest to Rest Maneuver Encountering the Angular Rate Limit
The presented scenario in this section is a 3D large angle (60 degrees) maneuver. The angular 
momentum limit is encountered because the gimbals rate limit is raised to 1.rad/s. The scenario 
ends at the point where the two pairs' momentums return to zero and the control is then 
neutralized to avoid the jumpy steady state. Fig. 5-8 shows the attitude control variables on a 
time scale. On the right hand plots the gimbals angular rates are shown to demonstrate the control 
capability exploitation. The angular momentum of each pair demonstrates the angular rate 
capability exploitation. The Braking Curve is actually tracked from the point where the pairs 
angular momentum reach their safe value of 9.5[N m s]. As shown, from this point the 
proportions between the Euler vector and the angular rate components are kept constant, which 
indicates an Eigenaxis rotation during the braking stage.
■1 -20
-40
-BO
Time [s]
15
10
5
0
-5D 2 4 B B ID
Time [s]
E  -20
-40
-BO
Time [s] I 
Braking curve . 
^  tracking ^
Neutralized
control
4- Hxy 
A Hxz
Time [s]
Fig. 5-8: Large angle maneuver control variables
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Fig. 5-9 shows the scissor pairs angular momentums along the maneuver on the X-Y and on the 
X-Z planes. As shown, in the acceleration phase the momentum propagates along an arc, whose 
initial direction results from the gimbals initial alignments. In this scenario, the MWs axes of 
both pairs are initially aligned along the ±X direction, which cause the initial momentum change 
to be normal to X. The Braking Curve is actually reached at the maximum momentum point of 
the two pairs, which is the horizontal part of the curve (Fig. 5-4). It is then tracked to the origin 
along a straight line as designed, that indicate Eigenaxis rotation.
0
+  X-Y Pair 
A  X-Z Pair
■1
-2
■3
■4
-5
Bjxùdng Curve 
i iracking
■6
; Safe ^  
momentum: X-Ypair
■7
Braking Curve 
tr^acking-8
j  Safe i
'piomentum: X-Z pair■9■6 ■4 -2 0 2 4 86
Angular Momentum (Y )/A n g u la r Momentum [N-m-s]
Fig. 5-9: Large angle maneuver angular momentum paths
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5.4 Realistic Case Control
The ideal case control, as developed in sub-chapter 5.2, succeeded in performing an efficient 
maneuver, but did not solve the steady state control after the maneuver. In order to complete the 
solution several things must be modified as follows:
1) The Braking Curve and the angular momentum command need to be corrected to account for 
the possible momentum bias sources.
2) The angular momentum allocation has to create a non-singular situation at the maneuver end 
when the SGCMGs momentum is near zero.
3) A linear attitude regulator has to take over near the state-space origin at the maneuver end.
The last two measures are purposed for quality pointing in the steady state where the image is 
taken.
This section presents these three modifications to be simulation tested in the next section.
5.4.1 Modified Braking Curve and Angular Momentum Command
The ideal case Braking Curve, as presented in Eq. (5-33), does not take into account possible 
system angular momentum bias and the Target Frame angular rate. For the realistic case the 
available angular rate model by Eq. (5-31) has to be replaced by Eq. (5-16). The resulting 
Braking Curve equation is getd as follows:
f(e)=
where : b = J c o -  Hg
Note that the minus sign in the expression |"-J0 ,b ,F^"|^  results from the fact the required 
angular rate is always opposite to 0 . The translation of the above Braking Curve Eq. (5-38) to 
angular momentum command for the SGCMG system needs also to be corrected by Eq. (5-12), 
and instead Eq. (5-34) of the ideal case, Eq. (5-39) is obtained:
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u  = - J f  (0 )+  Hg — JcOg  ^ Realistic case SGCMGs angular momentum command (5-39)
5.4.2 Modified Angular Momentum Allocation
Following [23], singularity avoidance in the maneuver end, where the angular momentum is near 
zero, requires to deflect the angular momentum of both pairs along their common X axis in 
opposite directions. Reference [23] accomplishes this by superimposing Ô commands over the 
original control signals. By this research method, gimbals angles directly allocated, and thus the 
allocation rule has to be modified by adding deflections towards the 4-X direction for one of the 
pairs and towards the -X  for the other pair. The following notations are defined for this purpose:
^x-y{x ) =z Angular momentum of the X-Y pair along the X axis by the basic allocation
^x-z{x) = Angular momentum of the X-Z pair along the X axis by the basic allocation
^x(o) = Required minimum angular momentum of both pairs along the X and -X  axis
^ h(x) = Required angular momentum increment of both pairs along the ±X axis
/^/(max) = Achievable angular momentum increment of both pairs along the ±X axis
^x-Y{x !M ) = Modified angular momentum of the X-Y SGCMG pair along the X axis
^x-z{x/M) = Modified angular momentum of the X-Z SGCMG pair along the X axis
The algorithm purpose is that the X component of the X-Y pair would not be smaller than 
and the X component of the X-Z pair would not be bigger than (where the
signs plus and minus for each pair are assigned arbitrarily), such that:
■^x(o) ^x-z(x) ^X
i f  U , < 0
Secondly calculate the achievable
'^ //(m a x ) ) ~ ^ Y  ~ ^ X - Y ( X )  ’ Z  " ^ ^ X -Z (X )  (5-41)
Now the X allocation to each pair is corrected as follows:
\ ^ X - Y { X / M )  ~  ^ X - Y { x )
\ ^ X - Z { X / M )  ~  ^ X -Z (X )
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5.4.3 Near Origin Control
An end criterion for the Braking Curve tracking control has to be set, because trying to track it
until the zero point would cause a limit cycle regime (as was shown in Fig. 5-7), where the
maximum control is applied in the constantly changing direction of 0 and « , which are basically
close to zero. It is thus obvious that a linear controller shall be activated by the maneuver end
when the state gets close to the origin. The switching criterion for the linear control activation is
set here in terms of time to reach the origin. This time advance shall be taken with some 
proportion to l/<y  ^that normally represents the system response time. Using the proportionality
factor Fj., which shall be normally in the order of one, gives:
■ Advance (5-43)
Using Fig. 5-4 and Eq. (5-28), (5-29), the relation between the maneuver time and the position on 
the Braking Curve is obtained as illustrated in Fig. 5-10.
Fig. 5-10: The time variation on the 2-SPEED Braking Curve
Backwards Planning Approach for Rapid
Attitude Maneuvers Steering
D ov Verbin
Using Eq. (5-43) and Fig. 5-10 gives the following condition to continue the Braking Curve 
tracking control rather than to switch to linear control:
^ S a f e ^  — ^ S a f e  ~  S a f e ^ T  j ^ n  )] (5-44)
Finally, using Eq. (5-32) and replacing into Eq. (5-44) give the following state-space condition:
IJ0||^ > [l -  j 0)  ^)] Braking Curve tracking control criterion (5-45)
^ S a fe
When the above condition is not met, a linear PD controller shall be applied. The same Eq. (4-62)
that refers to the RW case may be applied to generate the linear control Braking Curve that uses 
the same Cû^  together with the ^  coefficient, such that:
O r = —; ^ 0  Linear control reference angular rate (5-46)
This reference angular rate is converted to SGCMG system angular momentum by Eq. (5-39) 
after replacement of f(0) with OR.
The same conversion from angular momentum to gimbals angles is applied for the linear control, 
yet for the angular motion control, the ô^term  is not used as in Eq. (5-37) and a second order
system gain is applied as in Eq. (4-62) for the angular rate:
“  (^R ~ ^ c) '  Linear zone gimbals angles control (5-47)
5.5 Realistic Case Control Simulation Tests
In the simulation tests the same system characteristics as in section 5.3 are used. Additional 
parameters for the modifications of section 5.4 are given in the following table.
Table 5-3: Realistic case simulation additional parameters
Parameter
name Parameter meaning Parameter value
^x{o) Required minimum angular momentum of 
both pairs along the X and -X  axis
{^.S'Fh'H w = 2.375 N'ni'S
Fa F a  = ^ S a f e / ^ M a x  ' ( whcrc 5^^^ = \.ra d ! s ) 0.95 , 0.5 , 0.25
Ft Time advance factor to define the switching 
point from Braking curve tracking control to 
standard PD control.
2.0
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The following sections describe and discuss various maneuver scenarios with the "Realistic 
Case" SGCMGs control logic as described in section 5.4.
5.5.1 Simulated Scenarios Summary
It is evident from the simulation tests that the realistic case requires a significant compromise on 
the choice of for the Braking Curve design. The ideal straight angular momentum paths, as 
presented in Fig. 5-9, are considerably deformed by the modified angular momentum allocation 
(see for example Fig. 5-15). This allocation requires additional gimbals speed, such that relatively 
small percentage of the torque capability between 15% and 50% :[0 .15-^0.5] ) would be
available for the braking back planning. The simulation tests show that the available braking 
percentage depends on the angle between the maneuver direction and the Xb axis. As the angle 
gets smaller the angular momentum paths of both pairs go closer to the coordinates origin, which 
is a singular point. This singular point vicinity passage requires additional effort that is taken on 
the expense of the control capability.
The first three plots show for example cases where the maneuver axis angle with respect to the 
Xb axis is 24° with varying . In these cases, the choice of = 0.25 gives an optimal result as 
demonstrated in the three figures. In the next two examples a 53° angle is tested with the same 
F^ as in the previous case and then with a higher one of 0.4. It can be seen that in this angle the 
factor can be increased to give better time performance.
The conclusion from these tests is that for best results, a varying F^ should be taken for a 
maneuver according to its geometry. This may be possible if the mission is planned in advance 
and simulated. Each imaging target may be accompanied by an F^ number to be used by the on 
board algorithm. An alternative policy may be to take some compromised value of F^ that would 
minimize the average time performance of a given variety of scenarios.
The time performance of these two groups of runs, with additional cases in each group, is 
summarized in the following Fig. 5-11.
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Fig. 5-11: Maneuver time performance summary for the two cases
Additional two scenarios are given in this section to show more features of the "Realistic Case" 
control logic. Scenario No. 6 demonstrates a maneuver with smaller angle that includes angular 
momentum bias and Target Frame rotation.
The 7* scenario demonstrates the control function with small maneuver angle of 5 degrees.
The plots are arranged similarly to Fig. 5-7 and Fig. 5-9.
Summary of the run scenarios is presented in the following table.
Table 5-4: Simulation Cases
Scenario
Number
Figure
Number
Run details
1 5-12 100° rest to rest maneuver with maneuver angle of 24°. F„ = 0.95
2 5-13 100° rest to rest maneuver with maneuver angle of 24°. F„ = 0.5
3 5-14 100° rest to rest maneuver with maneuver angle of 24°. F„ = 0.25 :
Time plot
5-15 Pairs angular momentum plot
4 5-16 100° rest to rest maneuver with maneuver angle of 53°. = 0.25
5 5-17 100° rest to rest maneuver with maneuver angle of 53°. F„ = 0.40
6 5-18 30° maneuver with momentum bias and target rotation:
Time plot
5-19 Pairs angular momentum plot
7 5-20 5° maneuver with momentum bias and target rotation
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5.5.2 Scenarios to Test Factor with 24” Between Maneuver Axis and Xb
This section includes 3 scenarios to demonstrate the choice of the F^ factor. All of them are 3D 
large angle (100 degrees) maneuvers where the angular rate limit is reached. Fig. 5-12, 5-12, 5-13 
show the attitude control variables on a time scale with decreasing F^ factors.
In all the three cases the system accelerates properly and each pair reaches its safe angular 
momentum of 9.5 N-m-s plus or minus a small allowed momentum management correction of
0.1 N-m-s. In the braking stage however there is a significant difference.
In the first case shown in Fig. 5-12, the braking is planned with F^ =0.95 as was done in the 
ideal case. As explained, the system fails to track this Braking Curve, and the result is a very 
unsmooth convergence that takes 21 seconds.
In the second case shown in Fig. 5-13, the F^ factor is relaxed to 0.5. This improves the 
maneuver convergence time to about 18 seconds, but the response still seems oscillating.
The third case (Fig. 5-14) with F^ = 0 .25 , which seems to be a near optimal choice, shows a 
much cleaner response and maneuver time of only 11 seconds.
Fig. 5-15 shows the angular momentum paths of both pairs during the third scenario. The 
difference with respect to Fig. 5-9 of the ideal case is apparent. As in the ideal case, both pairs 
reach their safe momentum points and stay there (according to Fig. 5-14) for about 5 seconds. 
Then, unlike the ideal case where both pairs momentums go to zero on straight lines, the paths 
here go to separate two points on the X axis, according to the modified angular momentum 
allocation. Note that the X-Y pair first remains several seconds with the safe momentum and 
increase the X component to compensate for the fast motion of the X-Z pair to the -X  position.
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Fig. 5-13: 100° maneuver control variables with =0.5
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5.5.3 Scenarios to Test Factor with 53” Between Maneuver Axis and Xb
This section includes 2 scenarios to demonstrate the choice of the factor with different 
maneuver geometry. Both scenarios are 3D large angle (100 degrees) maneuvers where the 
angular rate hmit is reached. Fig. 5-16 and Fig. 5-17 show the attitude control variables on a time 
scale with increasing F^ factors. In both cases the system accelerates properly and the X-Y pair 
reaches its safe angular momentum of 9.5 N-m-s. In this geometry only one pair reaches the 
limit. In the first case that is shown in Fig. 5-16, the braking is planned with F^ = 0.25 as was 
done in the previous case. The response is good and converges in 15 seconds, but the gimbals are 
far from their full capability during braking. In the second scenario of Fig. 5-17, the F^ factor is 
increased to 0.4 which seems to be the optimal choice in this case. This improves the maneuver 
convergence time to about 14 seconds.
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5.5.4 Scenario with Bias Momentum and Target Rotation
A single scenario is presented to demonstrate the control with angular momentum bias in the 
order of 1.N-m-s and target frame rotation in the order of l.°/s. As expected and seen in Fig. 5-19, 
the pairs angular momentum do not end in zero as in Fig. 5-15. It can be also noted in Fig. 5-19 
that that both pair were initiated with zero momentum, which adds to the maneuver time. Yet, as 
seen in Fig. 5-18, the control performs properly with smooth convergence of the attitude and the 
angular rate to zero within 7.5 seconds.
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5.5.5 Small Angle Maneuver
A single scenario is presented to show the control performance in relatively small angles ( 5 ° )  
maneuver with some initial angular rate and angular momentum bias. Again, as seen in Fig. 5-20, 
the control performs properly with smooth convergence of the attitude and the angular rate to 
zero within 4 seconds.
4
3
I '
i  0
LU O -40
■1
■2 -BO0 2 3
Time [Sec]
4 5 E
Time [Sec]
+  Hxy 
A  Hxz
T3
-0.5
3  -1.5
E
Time [Sec] Time [s]
Fig. 5-20: 5° maneuver control variables
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Chapter 6 
Hybrid Actuators Control
6.1 The Hybrid Control Concept
The ideal control presented in section 5.2 had to be adapted to realistic situations in three aspects:
1. Accommodate the possible existence of angular momentum bias and Target Frame rotation.
2. "Cure" the singular situation of the SGCMGs at the zero momentum situation of both pairs.
3. Define the steady state control to be activated near the maneuver end.
The above three items have been solved in the "Realistic Case" control of section 5.4. Yet, this 
forced to compromise on the controller main advantage, which is the straight radial lines (see Fig. 
5-9) that the angular momentum follows during braking in both planes, that is the minimum time 
path to reach zero momentum. In section 5.4 both pairs momentums were biased along their 
common X axis in opposite directions, to avoid singular situation in the steady state. This chapter 
however suggests a different approach, where the time efficiency is not compromised, which is 
achieved by using a 3D RW system in addition to the four SGCMGs. The RW system would 
"carry" the angular momentum bias and by that would solve the first item. The RW system would 
also function as the only actuator in the steady state which would solve the second and the third 
deficiencies of the ideal case. This approach allows the SGCMGs to perform in realistic scenarios 
exactly as they perform in the ideal case as studied in sections 4.2 and 4.3.
6.1.1 The RW Control in Parallel with the SGCMGs
In the Hybrid scheme, the RW role during the maneuver is to carry the angular momentum bias. 
Combining Eq. (2-38) and (2-30), as was done to derive Eq. (5-12), gives after rearrangement:
l + l  - j m  (6-1)
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, where
Hg is the combined satellite angular momentum together with RWs and SGCMGs rotors about 
center of mass, as termed in the BF 
J  is the satellite 3x3 inertia matrix when all RW are free to rotate around their axes 
C0 g~^  is the angular rate of the Target Frame relative to the Inertial Frame, as termed in the Body 
Frame
CO is the angular rate of BF relative to TF, as termed in the BF 
is the number of RWs mounted on the satellite 
V . is a unit vector in the direction the i^  ^RW rotation axis, termed in the Body Frame. 
h^. is the angular momentum of the i* Reaction Wheel [N-m-s]
N cmg is the number of SGCMGs mounted on the satellite 
■fi. is a unit vector in the direction of the i* SGCMG momentum axis, 
is the SGCMG rotor angular momentum along its rotation axis
r _ ] I
This indicates that the momentum bias term:< Hg — JcOg  ^ > can be canceled by:< >
(which is the reaction wheels angular momentum), such that Eq. (5-27) remains valid, and the 
satellite angular rate co relative to the Target Frame can be controlled by the SGCMGs as if no 
momentum bias exists. For this purpose, a vector h g , that consists of the required angular
momentums of each individual RW, is defined to satisfy:
I  |  =  [v„v„ ..,v „^^ ] bg (6-2)
Choosing the right pseudo inverse method (that is 'L2 in [24]) to minimize the RWs kinetic 
energy gives:
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-^ . T
N r w
V2,..,V^RW .
^ . T
Nrw
(6-3)
The suggested control for this momentum bias cancellation is linear and similar to the gimbals 
angles control in Eq, (5-35), where again is a scalar positive gain and m  is chosen between
zero to one in the case of RW torque saturation, and is equal to one in the non saturated case.
Tw = K  +(hR -h^)-m -dy„ (6-4)
, where is a column array of the torque control signals for the RWs along their rotation axes.
6.1.2 The RW Control in the Maneuver Last Stage
As explained in section 5.4.3, an end criterion for the SGCMG control has to be set, because 
trying to track the Braking Curve (Fig. 5-4) until the zero point would cause a limit cycle regime, 
where the maximum control is applied in the constantly changing direction of 0 and co, which 
are basically close to zero. The switching criterion is set in terms of time to reach the origin while 
tracking the Braking Curve. Time advance shall be taken with some proportion to that 
reflects the system response time. Using the proportionality factor Fj. , which shall be normally in 
the order of one, yields Eq. (5-43). Using Fig. 5-4 and Eq. (5-28), (5-29), the relation between the 
maneuver time and the position on the Braking Curve is obtained as illustrated in Fig. 5-10.
Using Eq. (5-43) and Fig. 5-10 gives the condition to continue the SGCMG control rather than to 
quit the Braking Curve tracking and to switch to RW control, as given in Eq. (5-44). Finally, 
using Eq. (5-32) and replacing into Eq. (5-44) gives the state-space condition that allows 
SGCMG control, as given in Eq. (5-45) and repeated here as Eq. (6-5).
IM« /«>.)] SGCMG control criterion (6-5)
'Safe
When the above condition is not met, a process that consists of two sequential stages is started. 
The first stage is to open the attitude control loop while nullifying the angular momentum in each
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of the pairs. This operation would be denoted in this work as "stowing" the SGCMGs. This is 
done by applying Eq. (5-19) with zero momentums and with the last calculated and :
O ' X - Y  ) l a s t  ^ X - Y  ' ( ^ / ^ )
~^x-Y  
{ y X - Z  +  ^ X - Z  ' ( ^ / 2 )
( / x - z ) L a s t  ~ ^ X - Z
(6-6)
The angles shall then be controlled by the same Eq. (5-37), but using as the rate limit 
instead of 5^^^, and using higher gain than Cù^  as possible, taking advantage of the fact that the
attitude control is not active at this stage. By this choice, the control smoothness is optimally kept 
and the Target Frame is nearly reached, because this is how the Braking Curve has been defined 
in subsection 5.2.7. The second stage, after bringing the SGCMG momentums to zero, is to 
correct the residual error that results from the open loop operation of the first stage. With the 
Hybrid Actuators configuration, this is done solely with the RWs, because the required torque is 
smaller and the RWs are usually more suitable for fine attitude control. The control laws in this 
stage can be taken from chapter 4 of this thesis or other references for reaction wheels attitude 
control.
6.1.3 Control Logic Summary
At this point the control algorithm has been fully addressed. The computation order, however, 
may be still unclear to the reader. This subsection is thus devoted to describing the step by step 
computation flow, most of which are to be repeated in every control cycle.
The controller inputs are the satellite and actuators states {0,co,ô,h^} and the Target Frame 
angular rate The controller outputs are the actuators inputs: The computation
logic is as follows where the various steps are numbered from a to j and explained afterwards:
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Initialization 
(Step #a)
Condition not
"Stow" SGCMGs 
(step #g)
Check 
SGCMG stowed 
Criterion 
(Step #h)
Cntenon not
Cntenon met
Perform RW 
attitude control 
(step #j)
^  Cycle End ^
Repeated 
actions in 
each 
sampling 
cycle
'CheclT 
condition for 
SGCMG control 
..(Step #b%.
Condition met]
Calculate the 
Braking Curve 
(step #c)
Calculate reference 
gimbals positions 
(step #d)
 ▼_______
Calculate gimbals
servo systems
commands
(step #e)
Perform RW 
momentum control 
(step #f)
^  Cycle End ^
Fig. 6-1: Hvbrid control logic
Explanation of the steps in Fig. 6-1
a. Initialize the control by setting 0^ vector equal to the actual gimbals angles Ô as measured.
b. Check validity of inequality (6-5). Evaluation of (6-5) requires to use Eq. (5-11). If Eq. (6-5) 
is valid the SGCMGs are active in closed loop together with the RWs as defined in steps c - f. 
If Eq. (6-5) is not valid then go to step g.
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c. The reference angular rate (Og =f(8) is calculated from Eq. (5-33).
d. cOjj is translated into SGCMGs angular momentum after multiplying by - J .  Then the 
gimbals reference angles 0^ are computed according to Eq. (5-18) and (5-19). The derivative 
ôjj is approximated by backwards difference.
e. ôç. is obtained from Eq. (5-37) and is obtained by integrating it with time.
f. The combined momentum H | is obtained from Eq. (2-38). Then the reference angular 
momentum for each of the RWs is obtained from Eq. (6-3). The derivative is 
approximated by backwards difference. The control is then obtained from Eq. (6-4). This 
step concludes the control mode with SGCMGs and RWs together.
g. Calculate 0^ by Eq. (6-6). 0^ is zero in this case. 0^ shall then be obtained from Eq. (5-37),
but modifying as the rate limit instead of and using the highest possible gain
instead of 0^ is obtained by integrating overtime.
h. The SGCMGs are either stowing or stowed (which means zero angular momentum). If the 
SGCMGs are not yet stowed, then the system is in the stowing stage which is covered by step 
number i. If the SGCMGs are already stowed step j, where the attitude control is done solely 
with the RWs, shall be executed. The stowed situation is determined from the gimbals 
maximum rate commands (to be unsaturated) and their relative positions (to be close to 180°) 
as follows:
||ôc|| < 0.9 - .and. cos(jc_i .aW . cos((^c_3 ~^c_4)< “ 0.9 (6-7)
i. The RWs control operates as described in step No. f. This concludes the control mode for 
stowing the SGCMGs to nullify their combined angular momentums.
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j. Pure reaction wheel attitude control such as proposed in chapter 4.
6.2 Hybrid Control Simulation Tests
As a numerical example, section 5.3 is continued and four RWs are added together with the full 
control logic as defined in the previous section. The additional parameters for the example are 
given in Table 6-1.
Table 6-1: Hybrid actuators simulation additional parameters
Parameter name Parameter meaning Parameter value
N Number of RWs on board. 4
[vi,V2,V3,V4,] RW alignment matrix
"0.577 0.577 0.577 0.577 ' 
0.817 -0 .8 1 7  0. 0.
 ^ 0. 0. 0.817 -0 .8 1 7 ,
Limit Torque limit for each of the RWs. 0.5 [N*m]
^Limit Limit angular momentum of each RW 5 [N-m-s]
Fr Time advance factor to define the switching 
point from CMG control to RW control
1.5
The following five sections describe and discuss various maneuver scenarios with the presented 
control logic.
6.2.1 Large Angle (60 degrees) Step with Default Initial Gimbals Positions
This case repeats the same maneuver as presented in subsection 5.3.5. A Target frame angular 
rate of 0.15deg/s and a bias momentum of 0.2N-m-s along each of the satellite axes were added 
to demonstrate realistic conditions. Fig. 6-2 shows the resulting attitude control variables on a 
time scale. The graph structure is similar to Fig. 5-8, but two more plots of the RW torque and 
momentum were added on the right hand. The performance is kept very close to the case of pure 
SGCMGs control as presented in Fig. 5-8, because the RWs carry the angular momentum bias 
during the maneuver and take full control after the maneuver end at time ~ 6.5s. It can be seen 
that the RWs transient after taking over is minor and they reach only 8% of their full torque. This
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is because a perfect knowledge of the system parameters is assumed in this case, such that the 
open loop stage of "stowing" the SGCMGs ends with relatively small error. The situation is 
significantly different when the parameters are not perfectly known. Fig. 6-3 for example shows 
the same seenario with 5% error in the moments of inertia. The peak RW torque during the 
transient reach in this case about 90% of the full scale. Although the response seems quite nice 
and stable in this case as well, it is recommended to calibrate the satellite moments of inertia in 
flight for improved performance.
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6.2.2 Large Angle (60 degrees) Step with Near Optimal Gimbals Initial 
Positions
This case repeats the same maneuver as presented in the previous subsection, but the MWs axes 
were initiated approximately normal to the maneuver direction as represented by the straight 
radial lines in Fig. 5-9, that are created by the braking curve tracking. The momentum paths for 
this scenario are presented in Fig. 6-4. The significant difference from Fig. 5-9 is that the 
acceleration paths are much closer to the braking paths, which makes this maneuver more time 
efficient.
The control variables for this maneuver are presented in Fig. 6-5. The maneuver time reduction 
compared to Fig. 6-2 is 0.5s which is about 8% of the maneuver time.
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6.2.3 Small Angle (2 degrees) Step with Default Initial Gimbals Positions
This case is run in the same conditions as the first scenario of this chapter. The maneuver 
direction is similar, but the step magnitude is reduced from 60 degrees to 2 degrees. According to 
Eq. (6-5) the angle is too small in this case for the SGCMGs control, and the maneuver is 
performed only with the RWs. Fig. 6-6 presents the control parameters for this case.
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Fig. 6-6: Small angle maneuver with SGCMGs consequently out
6.2.4 Medium Angle (5 degrees) Step with Default Initial Gimbals Positions
This case is run in the same conditions as the first scenario of this chapter. The maneuver 
direction is similar, but the step magnitude is reduced from 60 degrees to 5 degrees. With the 
chosen set of parameters, this angle is large enough for operating the SGCMGs but the maneuver 
is too short for convergence into the Braking Curve. Fig. 6-7 presents the control parameters for 
this case, and it shows that when the SGCMGs momentums return to zero, the RWs need to 
apply a high torque to complete the maneuver, as compared with Fig. 6-2.
Backwards Planning Approach for Rapid
Attitude Maneuvers Steering
109 D ov Verbin
According to Eq. (6-5), the applicability of the SGCMGs for smaller angles can be enabled by 
increasing the control bandwidth parameter Cù .^ To demonstrate this, the scenario is repeated
with 0)^  =12.5 rad/s instead of 2.5 rad/s, together with increasing the sampling rate by the same
proportion. The results are presented in Fig. 6-8 and show about 40% reduction in the maneuver 
time and 5 times shorter duration of the RWs torque saturation. This is achieved mainly by letting 
the SGCMGs get the errors closer to zero. Fig. 6-9 compares the SGCMG pairs angular 
momentum paths in the two cases, and demonstrates the bigger arcs that are achieved with the 
bigger bandwidth which indicate deeper convergence to the Braking Curve.
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6.2.5 Multi-Target Scenario
To conclude this subsection and to demonstrate the control effectiveness, a profile of three 
consecutive maneuvers for three different targets is presented in Fig. 6-10. The profile is done 
with =2.5 rad/s.
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6.3 Qualitative Considerations in Choosing a Hybrid System
In the previous sections, the hybrid solution has been presented and its effectiveness has been 
demonstrated. In this section its practical applicability is compared to other solutions.
RWs are simple and reliable instruments and high level Line Of Sight (LOS) stabilization quality 
is achievable with them, because their torque output is relatively easy to control. Their main 
drawback is low torque to power ratio that is much inferior relative to the SGCMGs with similar 
size.
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The SGCMGs are more complex devices and are therefore more expensive when they have to 
meet similar reliability figure as RWs. Their ability to supply high levels of LOS stability 
requires a fine motion control of the gimbal, which is also a price factor. Actually, the wish to 
avoid accurate motion control is the main reason for choosing payloads without line of sight 
steering means (see first sentence of section 2.2.1).
The last two paragraphs imply that a hybrid actuators configuration that combines RWs for the 
fine pointing and cheap/coarse SGCMGs for rapid maneuvering shall be considered. An 
additional motivation to consider a hybrid configuration is when the satellite mission is 
concentrated in few areas of interest on the ground. In such cases, where the satellite is idle 
during most of the time, the SGCMGs may be used only for the short maneuvering periods, while 
the more reliable RWs would be used for the long idle periods.
6.3.1 Hybrid Configuration vs. Four SGCMGs Configuration
The hybrid system main drawback is that it requires four extra reaction wheels relative to the 
SGCMGs system. This may make it more massive, more expensive and more power consuming. 
On the other hand, the hybrid system has several advantages that mitigate this drawback:
1. The solution is by design free of singularities, which makes the SGCMG gimbal rate time 
profile smoother and more efficient. This allows to use smaller motor for the gimbal control 
which leads to potential mass and power saving.
2. The high quality pointing between maneuvers is done with reaction wheels only. This reduces 
the demands from the gimbal control, which may lead to mass and cost saving.
3. The reaction wheels size shall be optimized for the hybrid system mission. Relatively small 
angular momentum capability is normally required to cancel the bias momentum and to 
provide control in the final stage of maneuver, such that the mass penalty is expected to be 
moderate.
6.3.2 Hybrid Configuration vs. Variable Speed SGCMG
The variable speed SGCMG may offer a more compact solution to solve singularities by opening 
more degrees of freedom for the actuators. Yet the merging of RW and SGCMG functions in one
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unit creates a conflict in the unit sizing: While the SGCMG rotor is normally designed for high 
rotation rates to reduce mass and size, the application of accelerating torque on such fast rotating 
body would require high electrical power proportional to its angular rate. The hybrid system 
however, separates the two functions: The SGCMG wheel speed is constant and high, which 
allows smaller rotors, while the RW basic rate is much smaller, and thus allows easier application 
of torque.
6.3.3 Hybrid Configuration as an Upgrade for an Existing RW System
The hybrid configuration may form a cost effective solution to upgrade an existing RW system 
design. Addition of moderate size SGCMGs to an existing RW system may significantly improve 
its agility, while the use of the RWs during the pointing periods and the option to apply full RW 
control, may reduce program risks. Extension of the satellite structure length may provide the 
required space for the SGCMGs mounting.
6.3.4 Possible Applicability to non 2-SPEED SGCMG Configurations
The work until now was based on the 2-SPEED configuration for the SGCMGs alignments. This 
configuration enables explicit definition of the Eigenaxis Braking Curve, and by [25] it is free 
from internal elliptic singularities. The method adaptation to other SGCMG configurations may 
be more complex, but for many of them the Phase Space Braking Curve 0^ = 8^(6 ) may be
numerically generated. Reference [26] proves that for all configurations of four or more 
SGCMGs, in which the gimbals axes are not co-planar, any given required angular momentum 
path inside the momentum envelope can be matched a path in gimbals angles space that avoids 
all internal singularities. This means that a straight time optimal momentum path from any 
envelope point to the origin may be calculated. On this basis, a non-explicit approximated 
solution, similar to the explicit control logic developed here, may be thought of.
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Chapter 7 
Conclusions
7.1 Summary
The Backwards Planning approach for rigid satellites maneuvering control that has been introduced in 
the Keystone Colorado 2006 conference ([!]) was successfully exercised in this research on more 
general reaction wheels configurations as well as on the Single Gimbal Control Moment Gyros in the 
two scissor pairs configuration and the combination of both types of actuators together.
By this approach the satellite target angular rate is constantly related to the temporal 3D attitude 
according to a Braking Curve that is based on a conservative assessment of the satellite deceleration 
capability along the temporal Eigenaxis. The control logic task is to drive the state to reach and to track 
the Braking Curve that would efficiently lead it to the maneuver end point.
The Backwards Planning Reaction Wheels control has been developed to a high level of generality 
where it can produce good time performance while accounting for the most common conditions and 
limits of a Reaction Wheel attitude control system, such as the geometrical configuration and the 
operational envelope of torque, speed and power consumption of each Reaction Wheel. The developed 
solution is applicable to the most general maneuver characteristics, which may demand any large or 
small three dimensional angular rotation, and may include initial and final angular rates as well as 
angular momentum bias. The research has established new concepts for the control design such as the 
Braking Curve, the Control Norm, and the Biased Envelope Operation. This research suggests a new 
general Braking Curve shape that can compensate for the growing control authority loss with angular 
rate increase.
In the Backwards Planning SGCMG control the research has focused on the Two Scissor Pairs 
configuration because it allows to reach analytical explicit expressions for the momentum allocation and 
for the minimum time straight momentum path towards the zero momentum point that is required for
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the time optimal Eigenaxis braking. The maneuver conditions are completely general as in the reaction 
wheels case and may demand any large or small 3D angular rotation, and include initial and final 
angular rates as well as angular momentum bias. It appears in this research that the optimal Braking 
Curve shape for the Two Scissor Pairs configuration has a circular arc form.
With this Two Scissor Pairs configuration, two Backwards Planning control methods were developed, 
where the first one is for a pure SGCMGs control and the second uses a hybrid actuators configuration 
that includes reaction wheels in addition to the SGCMGs.
While the hybrid configuration may be more massive and expensive, it offers more efficient use of the 
SGCMGs maneuvering, because the reaction wheels take care for the system unexpected angular 
momentum bias, and thus letting the SGCMGs perform their preplanned paths in the momentum 
domain. When the maneuver ends, a high stability pointing is achievable by using the reaction wheels 
alone while the SGCMGs are actually braked. For this purpose, a special orchestration logic for the 
simultaneous operation of the SGCMGs and reaction wheels has been developed and verified in this 
research.
Both the pure SGCMGs and the hybrid configurations perform the control in the gimbals angles domain 
rather than in the angular momentum domain, which means that the angular momentum demand from 
the actuators is translated to gimbals angles rather than gimbals angular rates. This use is not very 
common in the literature, but it creates three significant advantages with the Backwards Planning 
approach:
1. The gimbals angles domain is free from singularities since each gimbal has its own independent 
control.
2. Any singularity traps during the acceleration stage of the maneuvers are elegantly bypassed 
because the gimbals are directly rotated to their target locations according to the Braking Curve 
without taking care for the angular momentum paths which usually has arc shapes. With the 
Backwards Planning approach, the route to reach the Braking Curve is not significant as long as it 
is done in a time efficient manner.
3. In the deceleration stage, the Eigenaxis Braking Curve to be tracked is translated to the gimbals 
angles domain. The Braking Curve starts from the momentum envelope and goes inside to the zero 
point in straight angular momentum lines (because the choice of Eigenaxis braking). This path can
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be designed to avoid singularities with the freedom to choose any final angles combination that 
results with zero momentum.
The research has also indicated a possible way to apply the hybrid configuration control method with a 
general SGCMGs geometrical configuration rather than the 2-SPEED. This however would probably 
require using numerical approximations such as tabulated data for the Braking Curve.
As last point, it should be noted that this work does not include a comprehensive sensitivity analysis of 
the control solutions to possible inaccuracies and modeling uncertainties, such as estimation inaccuracy 
of the system state and of the torque disturbance, and the assumptions on the satellite structure 
rigidity, the ideal actuators dynamics, the accurate knowledge of the moments of inertia and of 
the RWs alignments etc. These were partially referred in subsection 4.2.4 and in other places 
along the thesis, including some simulated scenarios. It has been demonstrated that the design is 
valid as long as the disturbance uncertainties are accounted for in the control safety factors 
choice, and the closed loop Braking Curve tracking is indeed stable. A full sensitivity study 
however, is believed to be a matter for a specific system development process rather than for a 
general work as this thesis is. Such analysis shall be based on a high fidelity simulation of the 
specific system.
7.2 Novelty
As detailed in subchapter 1.6, this research has already produced one conference paper ([38]) and one 
journal paper ([6]). Two other publications have been submitted to the AIAA Journal of Guidance 
Control and Dynamics. One of them is now in a second revision cycle and the second has been accepted 
for publication. The first one is an engineering note that summarizes the new concepts in reaction 
wheels control in addition to those published in [6]. They appear also in chapter 4 of this thesis. The 
second paper is about control with the hybrid actuators configuration as reported in chapter 6 of this 
thesis.
This research has presented novel solutions for the Backwards Planning control logic with RWs, 
SGCMGs and both of them together (hybrid configuration) as detailed in the following subsections.
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7.2.1 Reaction Wheels control
In chapter 4 the Backwards Planning approach for reaction wheel maneuvering, as introduced in [1], has 
been improved for better performance, stability validation and accommodation for more general 
conditions. One of the novel elements in this respect is the generahzation of the Braking Curve shape. 
Existing Backwards Planning approaches use the parabolic Braking Curve to relate reference angular 
rate for a given angular position. The parabolic curve is based on the assumption that the satellite 
deceleration capability is constant along the braking. In reality however, the control must split its effort 
between decelerating the satellite and counteracting the torque disturbance that originates mainly from 
the angular rate dependent gyroscopic coupling. Taking a constant deceleration capability would thus 
lead to base the Braking Curve on a conservative assessment of the available deceleration. A more 
efficient approach, that accounts for varying control authority along the braking, is suggested in this 
research and results with a new Braking Curve form that is based on angular rate dependent deceleration 
capability. Advantage of this curve has been demonstrated by simulations.
Saturation management is another novelty element in this research. In the Backwards Planning approach 
the first stage of the attitude maneuver is always characterized by saturated control. In this stage the 
system state has to converge to the Braking Curve. In the general case the control component that is 
proportional to the state distance from the Braking Curve starts in high values that usually result in 
saturation. The common saturation handling logic is proportional reduction of the control commands for 
each actuator, such that the most loaded one would be just on the saturation level. The novel saturation 
management algorithm that is suggested in this research functions in the system level rather than in the 
RW level, and allows separating between different components of the 3D command torque. The 
algorithm does not change the 3D torque component that is required to keep the stability conditions 
valid and scales down only the torque component that is proportional to the state distance from the 
Braking Curve. By this only the response time is affected while the state convergence to the Braking 
Curve is secured.
The third major novelty element is the introduction of coupling between each RW torque and speed 
limits. In previous designs the Braking Curve includes two intersecting sections, where the first is the 
deceleration limit parabola and the second is the angular rate limit line. Deriving the satellite angular 
rate limit from the RWs speed limits is somehow problematic when more than three RWs are involved.
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because the angular momentum distribution is not unique in this case. The possible existence of angular 
momentum bias may make this even more difficult, and a proper safety factor on the available angular 
rate has thus to be applied to account for the momentum distribution and bias. The suggested approach 
in this research is to limit each RW speed by reducing its acceleration torque limit in proportion to its 
speed excess, until reaching zero acceleration torque hmit when the RW speed is just equal to the speed 
limit. A non symmetric torque limit is thus created with different limits for acceleration and for 
deceleration of any RW that is close to the speed limit. This non-symmetricity is handled by the 
saturation management logic, allowing the RWs to operate in their full speed range without the need for 
a safety factor.
7.2.2 SGCMG control
In chapter 5 the Braking Curve tracking approach is extended to 4 SGCMGs that are arranged in two 
scissor pairs configuration. While existing Backwards Planning approaches use the parabolic Braking 
Curve also for SGCMG control, it appears that the optimal Braking Curve for the two scissor pairs 
configuration is composed of a circular arc and an angular rate limit line. The circular arc that relates 
angular rate to angular position is generated when one or both scissor pairs rotate one against the other 
in their full speed until zero momentum is reached. It is also shown that the state position on the circular 
arc is proportional to the time to complete the maneuver, and this assessment enables to set the 
switching point to go from Braking Curve tracking to linear attitude regulation.
The steering law in the gimbal angles domain rather than in the angular momentum domain is a second 
novel idea that is verified in this research. Most existing steering laws drive the 3D angular momentum 
in a straight path to its target. In some cases (which are singularity cases), such a straight path does not 
exist. In gimbal angles domain steering the angular momentum requirement is converted to gimbal 
angles using a predefined mathematical function, and the gimbals angular rates are then calculated in 
proportion to the error between the wanted angles and the actually measured ones. This drives the 4D 
gimbal angles vector (rather than the 3D angular momentum) in a straight path to its target. It was 
shown that both steering laws turn to be equivalent for small control signals (as in the steady state), but 
when the required angular momentum change is big, as in the acceleration phase of a maneuver, the 
steering in the gimbal angles domain has an advantage in driving the SGCMG system straightly (as
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viewed in the gimbal angles domain) and rapidly to the required position without having to consider 
singularities.
In the above mentioned gimbal angles domain steering there is a function to convert angular momentum 
into gimbal angles. An important consideration in developing this function is that the steady state angles 
would not be a singular set. Having a singular state in the steady state may usually result in a non stable 
steady state because the long time that takes to perform a small angular momentum changes. Inspired by
[23], this research thus developed a modified angular allocation for the two scissor pairs configuration, 
where each pair momentum is pushed to an opposite momentum with respect to the other on their 
common axis. By this method the maneuver always ends with a non singular situation.
Accommodation for angular momentum bias and a non-zero end angular rate is also a novel 
development of this research. For this purpose an analytic expression for the available angular 
momentum of the SGCMG system in a given direction was developed. The available angular rate can be 
directly drawn from this expression when no momentum bias exists. When momentum bias exists, the 
solution requires a basic numerical tool to solve for the possible angular rate in a given direction as 
required for the Backwards Planning control logic.
7.2.3 Hybrid configuration
The idea of combining SGCMGs together with RWs has been conceived in [39] from 2008, where it is 
applied for attitude tracking. Yet, it seems that an attitude maneuvering control with this hybrid 
actuators configuration, as done in this research, has not been studied before. This combination offers 
some real technical advantages together with the drawback of complexity. As suggested in this 
research, the hybrid configuration applies RWs for the fine pointing and SGCMGs for the rapid 
maneuvering. For this reason the SGCMGs gimbal controls do not have to be very fine and the 
RWs torque and momentum capabilities do not need to be very high, which mitigates the 
mentioned complexity drawback. It is also shown in this research that the SGCMGs can be used 
more efficiently for rapid maneuvering with the assistance of RWs.
Special orchestration logic between the two actuators types during the maneuver has been devised in 
this research. In pure SGCMG control, existence of angular momentum bias distorts the angular 
momentum paths that the SGCMGs make during the maneuver. This distortion that changes from
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one maneuver to another creates significant variations in the maneuver time, since a small change 
in the momentum path may create a big difference in the gimbal angles path. A time optimal 
Eigenaxis braking with the unexpected momentum bias would thus require a complicated 
algorithm on board. With the hybrid configuration however, the orchestration logic between the two 
actuator types frees the SGCMGs to perform their predefined time optimal straight path from maximum 
momentum to zero, which creates the optimal Eigenaxis braking, by using the RWs to compensate for 
the variable unexpected system angular momentum bias. This enables to reach high efficiency in using 
the SGCMGs torque for braking, compared to pure SGCMG control, and the algorithm to be used for 
this is rather simple.
Maneuver end logic for the hybrid configuration control was developed as well in order to coordinate 
the transition from SGCMG plus RW control during the maneuver to pure RW control during the target 
tracking stage, for which the maneuver is performed. This transition is done in two stages: first, there is 
a time to complete criterion that determines the lowest possible angular error for stable Braking Curve 
tracking. When the angular error gets smaller than the criterion, a "stowing" process of the SGCMGs 
starts. During the "stowing" process both SGCMG pairs nullify their combined angular momentum by 
rotating at maximum rate in opposite directions, while the RWs continue to carry the system angular 
momentum bias. The SGCMG control in this stage is done in open loop without using satellite state 
feedback. At the process end, the state errors are expected to be near zero. When the SGCMG system is 
stowed, the second stage of pure RW control starts. During this stage the RWs correct the residual error 
after the stowing process and continue to regulate the satelhte attitude in order to carry out the 
observation mission.
7.3 Future Work
Future work is recommended in four possible directions:
The first is to study the tradeoffs in the hybrid configuration control between the performances of the 
SGCMGs and the reaction wheels and their impact on the combined system mass, power consumption 
and cost. The SGCMGs performance should include the flywheel momentum, the gimbals rotation rate 
and the gimbals mechanism control bandwidth and accuracy. The reaction wheels performance should 
include the size, the mass, and the available torque and their impact on the power consumption. The
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satellite attitude control bandwidth shall also be one of the tradeoff factors, as the relation between this 
parameter and the SGCMGs gimbals rate limit may be of interest.
The second recommended subject is to generalize the hybrid configuration control for various SGCMGs 
configurations rather than the 2-SPEED, and demonstrate the applicability of the Backwards Planning 
approach and the gimbals angles domain steering with a general configuration. This would probably 
require computing the fastest straight angular momentum paths from maximum to zero in order to 
generate the time-optimal Eigenaxis Braking Curve. A 3D table that defines the Phase Space Braking 
Curve can thus be created. The table will be built by taking the angular momentum from many envelope 
points to zero on the fastest safe straight line, and integrating for the Euler angle, as has been done here 
with the 2-SPEED configuration. This 3D table with some interpolation algorithms would be used 
instead of the explicit equations.
The third subject is to modify the Backwards Planning approach to meet obstacles avoidance 
requirement together with rapid maneuvering. An obstacle in this sense is a region of orientations that 
the satellite shall avoid. For example, some telescopes are constrained not to look to close to the sun. 
Such obstacle avoidance capability may enhance the Backwards Planning approach applicability for 
remote sensing missions.
The fourth subject to explore is to study the Backwards Planning approach and its sensitivities with 
more detailed simulations that should include modeling of typical gimbal servo control together with 
structure flexibility and real motion sensors such as gyros and star trackers. Such mission seems to be 
possible only for a specific development program, because generality cannot be maintained when going 
to so many details.
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